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EXCURSION THEORY FOR BROWNIAN MOTION INDEXED BY THE 

BROWNIAN TREE 

CELINE ABRAHAM, JEAN-FRANgOIS LE GALL 


Abstract. We develop an excursion theory for Brownian motion indexed by the Brownian tree, which 
in many respects is analogous to the classical ltd theory for linear Brownian motion. Each excursion 
is associated with a connected component of the complement of the zero set of the tree-indexed Brow¬ 
nian motion. Each such connected component is itself a continuous tree, and we introduce a quantity 
measuring the length of its boundary. The collection of boundary lengths coincides with the collec¬ 
tion of jumps of a continuous-state branching process with branching mechanism tp{u) = . 

Furthermore, conditionally on the boundary lengths, the different excursions are independent, and we 
determine their conditional distribution in terms of an excursion measure Mq which is the analog of 
the Ito measure of Brownian excursions. We provide various descriptions of the excursion measure 
Mo, and we also determine several explicit distributions, such as the joint distribution of the boundary 
length and the mass of an excursion under Mq. We use the Brownian snake as a convenient tool for 
defining and analysing the excursions of our tree-indexed Brownian motion. 


1. Introduction 

The concept of Brownian motion indexed by a Brownian tree has appeared in various settings in the 
last 25 years. The Brownian tree of interest here is the so-called CRT (Brownian Continuum Random 
Tree) introduced by Aldous [U E] j or more conveniently a scaled version of the CRT with a random 
“total mass”. The CRT is a universal model for a continuous random tree, in the sense that it appears 
as the scaling limit of many different classes of discrete random trees (see in particular [anEZ!), and 
of other discrete random structures (see the recent papers [S1E5]). At least informally, the meaning of 
Brownian motion indexed by the Brownian tree should be clear: Labels, also called spatial positions, 
are assigned to the vertices of the tree, in such a way that the root has label 0 and labels evolve 
like linear Brownian motion when moving away from the root along a geodesic segment of the tree, 
and of course the increments of the labels along disjoint segments are independent. Combining the 
branching structure of the CRT with Brownian displacements led Aldous to introduce the Integrated 
Super-Brownian Excursion or ISE [3], which is closely related with the canonical measures of super- 
Brownian motion. On the other hand, the desire to get a better understanding of the historical paths 
of superprocesses motivated the definition of the so-called Brownian snake m, which is a Markov 
process taking values in the space of all finite paths. Roughly speaking, the value of the Brownian 
snake at time s is the path recording the spatial positions along the ancestral line of the vertex visited 
at the same time s in the contour exploration of the Brownian tree. One may view the Brownian 
snake as a convenient representation of Brownian motion indexed by the Brownian tree, avoiding the 
technical difficulty of dealing with a random process indexed by a random set. 

The preceding concepts have found many applications. The Brownian snake has proved a powerful 
tool in the study of sample path properties of super-Brownian motion and of its connections with 
semilinear partial differential equations [23 EH- ISE, and more generally Brownian motion indexed 
by the Brownian tree and its variants, also appear in the scaling limits of various models of statis¬ 
tical mechanics above the critical dimension, including lattice trees [12], percolation m or oriented 
percolation m- More recently, scaling limits of large random planar maps have been described by 
the so-called Brownian map [23 EH, which is constructed as a quotient space of the CRT for an 
equivalence relation defined in terms of Brownian labels assigned to the vertices of the CRT. 

Our main goal in this work is to show that a very satisfactory excursion theory can be developed 
for Brownian motion indexed by the Brownian tree, or equivalently for the Brownian snake, which in 
many aspects resembles the classical excursion theory for linear Brownian motion due to Ito [TH]- We 
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also expect the associated excursion measure to be an interesting probabilistic object, which hopefully 
will have significant applications in related fields. 

Let us give an informal description of the main results of our study. The underlying Brownian 
tree that we consider is denoted by 7(, for the tree coded by a Brownian excursion (Cs)s>o under 
the classical Ito excursion measure (see Section O for more details about this coding, and note that 
the Ito excursion measure is a cr-finite measure). The tree 7^ may be viewed as a scaled version of 
the CRT, for which (Cs)s>o would be a Brownian excursion with duration 1. This tree is rooted at a 
particular vertex p. We write Vu for the Brownian label assigned to the vertex u of 7^. As explained 
above the collection (Vu)u£T( should be interpreted as Brownian motion indexed by 7(, starting from 0 
at the root p. Similarly as in the case of linear Brownian motion, we may then consider the connected 
components of the open set 

{« S 7( : K 7^ 0}, 

which we denote by (Ci)ig/. Of course these connected components are not intervals as in the classical 
case, but they are connected subsets of the tree 7^, and thus subtrees of this tree. One then considers, 
for each component Cj, the restriction {Vu)u&Ci labels to Cj, and this restriction again yields a 

random process indexed by a continuous random tree, which we call the excursion Ei. Our main results 
completely determine the “law” of the collection (we speak about the law of this collection 

though we are working under an infinite measure). A first important ingredient of this description is an 
infinite excursion measure Mq, which plays a similar role as the Ito excursion measure in the classical 
setting, in the sense that Mq describes the distribution of a typical excursion Ei (this is a little informal 
as Mq is an infinite measure). We can then completely describe the law of the collection (Ei)i^j using 
the measure Mq and an independence property analogous to the classical setting. For this description, 
we first need to introduce a quantity Zi, called the exit measure of Ei, that measures the size of the 
boundary of C*: Note that in the classical setting the boundary of an excursion interval just consists 
of two points, but here of course the boundary of Ci is much more complicated. Furthermore, one can 
define, for every z > 0, a conditional probability measure Mo(- \ Z = z) which corresponds to the law 
of an excursion conditioned to have boundary size z (this is somehow the analog of the Ito measure 
conditioned to have a fixed duration in the classical setting). Finally, we introduce a “local time exit 
process” {Xt)t>o such that, for every t > 0, A) measures the quantity of vertices u of the tree 7( with 
label 0 and such that the total accumulated local time at 0 of the label process along the geodesic 
segment between p and u is equal to t. The distribution of {Xt)t>o is known explicitly and can be 
interpreted as an excursion measure for the continuous-state branching process with stable branching 
mechanism V’(^) = \/8/3 With all these ingredients at hand, we can complete our description of 
the distribution of the collection of excursions: Excursions Ei are in one-to-one correspondence with 
jumps of the local time exit process {Xt)t>o-, in such a way that, for every z G 7, the boundary length Zi 
of Ei is equal to the size Zi of the corresponding jump, and furthermore, conditionally on the process 
the excursions Ei, i & I are independent, and, for every fixed j, Ej is distributed according 
to Mo(- \ Z = Zj). There is a striking analogy with the classical setting (see e.g. [33 Chapter XII]), 
where excursions of linear Brownian excursion are in one-to-one correspondence with jumps of the 
inverse local time process, and the distribution of an excursion corresponding to a jump of size (. is 
the Ito measure conditioned to have duration equal to 7. 

The preceding discussion is somewhat informal, in particular because we did not give a mathemat¬ 
ically precise definition of the excursions Ei. It would be possible to view these excursions as random 
elements of the space of all “spatial trees” in the terminology of [13] (compact M-trees T equipped 
with a continuous mapping (p : E —?■ M) but for technical reasons we prefer to use the Brownian snake 
approach. We now describe this approach in order to give a more precise formulation of our results. 
Let W stand for the set of all finite real paths. Here a finite real path is just a continuous function 
w : [0, C] ^ K, where C = C(w) ^ 0 depends on w and is called the lifetime of w, and, for every w G W, 
we write w = w(Qw)) for the endpoint of w. The topology on W is induced by a distance whose 
definition is recalled at the beginning of Section 12.21 The Brownian snake is the continuous Markov 
process (IFs)s>o with values in W whose distribution is characterized as follows: 

(i) The lifetime process (C(VEs))s>o is a reflected Brownian motion on M+. 

(ii) Conditionally on (C(u/s))s>0) (^s)s>o is time-inhomogeneous Markov, with transition kernels 
specified as follows: for 0 < s < s', 

• Wg/it) = Ws(t) for every 0 < t < m(s, s') := min{C(-^y^) : s < r < s'}; 
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• conditionally on Wg, (VFs/(m(s, s') + t),0 < t < C(W/) ~ m(s,s')) is a linear Brownian 
motion started from Ws{m{s, s')), on the time interval [0, “ nT,(s, s')]. 

We will write Cs = Qws) to simplify notation. Informally, the value Wg of the Brownian snake at time 
s is a random path with lifetime Cs evolving like reflected Brownian motion on M+. When decreases, 
the path is erased from its tip, and when (g increases, the path is extended by adding “little pieces” 
of Brownian paths at its tip. 

For the sake of simplicity in this introduction, we may and will assume that (VFs)s>o is the canonical 
process on the space C(M+,W) of all continuous mappings from M_|_ into W. Later, it will be more 
convenient to defined this process on an adequate canonical space of “snake trajectories”, see Section 
12.21 below. 

The trivial path with initial point 0 and zero lifetime is a regular recurrent point for the process 
(ITs)s>o, and thus we can introduce the associated excursion measure No, which is called the Brownian 
snake excursion measure (from 0). This is a cr-hnite measure on the space C'(M+, W) - as mentioned 
earlier, we will later view No as a measure on the smaller space of snake trajectories. The measure 
No can be described via properties analogous to (i) and (ii), with the difference that in (i) the law of 
reflecting Brownian motion is replaced by the Ito measure of positive excursions of linear Brownian 
motion. In particular, under No, the tree 7^ coded by (Cs)s>o has the distribution prescribed in the 
informal discussion at the beginning of this introduction ~ this distribution is a u-finite measure on 
the space of trees. Recall that the coding of 7 ^ involves a canonical projection : [0, a] —)■ 7 ^, where 
a = sup{s > 0 : Cs > 0} (see [271 Section 3.2] or Section [2T] below). Notice that the dehnition of a, 
as well as the definition of the tree 7^, are relevant under No. Then, the Brownian labels {Vu)ueT^ are 
generated by taking 14 = Wg, where s E [0,(t] is any instant such that p^(s) = u. Furthermore, the 
whole path Wg records the values of labels along the geodesic segment from the root p to u, and we 
sometimes say that Wg is the historical path of u. 

From now on, we use the Brownian snake construction and argue under the excursion measure No. 
This construction allows us to give a convenient representation for the excursions {Ei)i^j discussed 
above. We observe that. No a.e., the connected components {Ci)i^j of {n E 7^ : 14 7 ^ 0} are in 
one-to-one correspondence with the (countable) collection {ui)i^i of all vertices of 7^ such that 

(a) 14 = 0; 

(b) u has a strict descendant v such that labels along the geodesic segment from u to n do not 
vanish except at u. 

The correspondence is made explicit by saying that Ci consists of all strict descendants v of Ui such 
that property (b) holds, with u = Ui (it is not hard to verify that. No a.e., no branching point of 
7( can satisfy property (b), and we discard the event of zero No-measure where this might happen). 
Then, for every z E 7, there are exactly two times 0 < a* < 6* < cr such that P((aj) = Pc^{bi) = Ui. The 
paths Wg for s E [ai,bj\ are the historical paths of the descendants of Ui. This leads us to define, for 
every s > 0, a random finite path ITi“*\ with lifetime = C,(ai+s)^bi ~ Cat, by setting 

= IT(,^+,)^6,(Ca, +t), 0<t< Ct^. 


If 0 < s < bi - tti, , the path starts from 0 (note that ITi“‘^(0) = VF(ai+s)A6i(Cai) = WaiiCat) = 

14J, and then stays positive during some time interval (0, rj), p > 0. Of course if s = 0 or s > 6* — Oj, 

(u) 

VFs is just the trivial path with initial point 0. 

The endpoints 114^“*^ of the paths ITi““^ correspond to the labels of all descendants of Ui in 7^. 
In fact, we are only interested in those descendants of Ui that belong to Ct, and for this reason we 
introduce the following time change 

where, for every s > 0, 


:= inf{r > 0 ; 


nr 

Jo 


> s}, 


with the notation Tq(w) := inf{t > 0 ; w(t) = 0} for w E W. The effect of this time change is to 

(u-) 

eliminate the paths 144 that return to 0 and survive for a positive amount of time after the return 
time. 
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Then, for every i ^ I, the collection which we view as a random element of the space 

(7(1^+, W), provides a mathematically precise representation of the excursion Ei - in fact the tree Ci 
(or rather its closure in Tq) is just the tree coded by the lifetime process (Ci^*^)s>o of and 

the labels on Ci correspond in this identification to the endpoints of the paths ITs ‘b 

In order to state our first theorem, we need one more piece of notation. For every i G /, we let t'j 
be the total local time at 0 of the historical path VFq. of Ui. 

Theorem 1. There exists a a-finite measure Mq on C(M+,VV) such that, for any nonnegative mea¬ 
surable function on M+ x (7(1^+, W), we have 

No g m, d£Mo($(A •)) • 

The reason for considering a function depending on local times should be clear from the formula of 
the theorem: if <!>(£, cu) does not depend on the right-hand side will be either 0 or oo. We may write 
Mq in the form 

Mo = ^(NS + NS) 

where Nq is supported on positive excursions and Nq is the image of Nq under oj i-A —u. Then, for 
every d > 0, Nq gives a finite mass to “excursions” oj that hit S, and more precisely, 

No({w : sup{Idb(w) : s > 0} > 5) = coh~^ 

where cq is an explicit constant (see Lemma ESI) • 

In a way similar to the classical setting, one can give various representations of the measure Nq. For 
e > 0, let Ne be the Brownian snake excursion measure from e (this is just the image of Nq under the 
shift cv I—>■ £ -j- cu). Consider under Ng the time-changed process W obtained by removing those paths 
Wg that hit 0 and then survive for a positive amount of time (this is analogous to the time change we 
used above to define IT^^b from Then Ng may be obtained as the limit when e ^ 0 of e ^ 

times the law of W under N^. See Theorem ESI and Corollary 1261 for precise statements. This result 
is analogous to the classical result saying that the ltd measure of positive excursions is the limit (in 
a suitable sense) of (2e)“^ times the law of linear Brownian motion started from e and stopped upon 
hitting 0. 

Similarly, one can give a description of Ng analogous to the well-known Bismut decomposition for 
the ltd measure |3S1 Theorem XII.4.7]. Under Ng, pick a vertex of the tree coded by (Cs)s>o according 
to the volume measure on this tree, re-root the tree at that vertex and shift all labels so that the label 
of the new root is again 0. This construction yields a new measure on (7(]R_|_, W), which turns out to 
be the same (up to a simple density) as the measure obtained by picking a: < 0 according to Lebesgue 
measure on (—oo,0) and then, under the measure Ng restricted to the event where one of the paths 
Wg hits —X, removing all paths Wg that go below level x. See Theorem 1281 below for a more precise 
statement. 

We now introduce exit measures under Mg. 

Proposition 2. One can choose a sequence {an)n>i of positive reals converging to 0 so that, Mg a.e., 
the limit 

POO 

exists and defines a positive random variable. Furthermore, this limit does not depend on the choice 
of the sequenee {an)n>i- 

Remark. At this point, a comment about our terminology is in order. Frequently in this article, we 
will argue on cj-finite measure spaces, and measurable functions defined on these spaces will still be 
called “random variables”, as in the preceding proposition. Similarly we will speak about the “law” 
or the “distribution” of these random variables, though these laws will be infinite (not necessarily 
cr-finite) measures. 

Theorem [T] and Proposition El allow us to make sense of the quantity for every i £ I. 

Informally, Zq(IT(“‘)) counts the number of paths IT^“‘) that return to 0, and thus measures the size of 
the boundary of Ci. On the other hand, the quantity cr(IT(“‘)) corresponds to the volume of Ci. Quite 
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remarkably, one can obtain an explicit formula for the joint distribution of the pair (Zq,cj) under Mq. 
This distribution has density 

/("■*> = (-fc) 

with respect to Lebesgue measure on M+ x M+ (Propositional]). 

Using scaling arguments, one can then canonically define, for every z > 0, the conditional probability 
measure Mo(- | = z), which will play an important role in our description of the distribution of 

the collection Before stating our theorem identifying this distribution, we need a last 

ingredient. For every s > 0 and t E [0, write L^{Ws) for the local time at level 0 and at time t of 
the path Wg (this makes sense under the measure No). We observe that, under the measure No, the 
process 

W, := (W„L0(W,)) = (W,(t),L?(W,))o<t<c. 

can be viewed as the Brownian snake (under its excursion measure from (0,0)) associated with a 
spatial motion which is now the pair consisting of a linear Brownian motion and its local time at 0 
(the Brownian snake associated with a Markov process is defined by properties analogous to (i) and (ii) 
above, with the only difference that in (ii) linear Brownian motion is replaced by the Markov process 
in consideration). See [21] , and notice that the spatial motion used to define the Brownian snake needs 
to satisfy certain continuity properties which hold in the present situation. Following [211 Chapter V], 
we can then define, for every r > 0, the exit measure of W from the open set x [0, r), and we 

denote this exit measure by TV - to be precise the exit measure is a measure on dOr, but here it is 
easily seen to be concentrated on the singleton {0} x {r}, and TV denotes its total mass. Informally, 
TV measures the quantity of paths Wg whose endpoint is 0 and which have accumulated a total local 
time at 0 equal to r. 

One can explicitly determine the “law” of the exit measure process (TV)r>o under Nq, using on one 
hand Levy’s famous theorem relating the law of the local time process of a linear Brownian motion B 
to that of the supremum process of B, and on the other hand known results about exit measures from 
intervals. This process is Markovian, with the transition mechanism of the continuous-state branching 
process with stable branching mechanism = a/8/3 In particular the process (TV)r>o has a 
cadlag modification, which we consider from now on. 

Recall that, for every i ^ I, £i denotes the local time at 0 of the historical path of ttj. 

Proposition 3. The numbers li, i ^ I are exactly the jump times of the process (TV)r>o- Furthermore, 
for every i ^ I, the size Zg(IT(“»/ of the boundary of Ci is equal to the jump AT/^. 

We can now state the main result of this introduction. 

Theorem 4. Under No, conditionally on the local time exit process (TV)r> 0 ; the exeursions (IT(““/jg/ 
are independent and, for every j E I, the conditional distribution is Mo(- | = AT/^.). 

In the classical theory, the collection of excursions of linear Brownian motion is described in terms 
of a Poisson point process. Such a representation is also possible here and the relevant Poisson point 
process is linked with the Poisson process of jumps of the Levy process that corresponds to the 
continuous-state branching process T via Lamperti’s transformation. We refrained from explaining 
this representation in this introduction because the formulation is somewhat more intricate than in 
the classical case (see however Proposition [35]) and requires to add extra randomness to get a complete 
construction of the Poisson point process. 

Let us make a few remarks. First, although we stated our main results under the infinite measure No, 
one can give equivalent statements in the more familiar setting of probability measures, for instance 
by conditioning Nq on specific events with finite mass (such as the event where at least one of the 
paths Wg has accumulated a total local time at 0 greater than 6, for some fixed d > 0) or by dealing 
with a Poisson measure with intensity Nq - such Poisson measures are in fact needed when one studies 
the connections between the Brownian snake and superprocesses. The second remark is that we could 
have considered excursions away from a / 0 instead of the particular case a = 0. There is a minor 
difference, due to the special connected component of {« E 7/ : 14 / a} that contains the root. The 
study of the connected components other than the special one can be reduced to the case a = 0 by an 
application of the so-called special Markov property (see Section [23]). As a last and important remark, 
most of the following proofs and statements deal with excursions “above the minimum” (see Section 
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[ 2 ] for the definition) and not with the excursions away from 0 that we considered in this introduction. 
However the results about excursions away from 0 can then be derived using the already mentioned 
theorem of Levy, and we explain this derivation in detail in Section [51 The reason for considering first 
excursions above the minimum comes from the fact that certain technical details become significantly 
simpler. In particular, the local time exit process is replaced by the more familiar process of exit 
measures from intervals. 

An important motivation for the present work comes from the construction of the Brownian map as 
a quotient space of the CRT for an equivalence relation defined in terms of Brownian motion indexed 
by the CRT (see e.g. [231 Section 2.5]). The recent paper [S] discusses the infinite volume version of the 
Brownian map called the Brownian plane. In a way similar to the Brownian map, the Brownian plane 
is obtained as a quotient space of an infinite Brownian tree equipped with nonnegative Brownian labels, 
in such a way that these labels correspond to distances from the root in the Brownian plane. The 
main goal of [9] is to study the process of hulls, where, for every r > 0 , the hull of radius r is obtained 
by filling in the bounded holes in the ball of radius r centered at the root vertex of the Brownian 
plane. It turns out (see formula (16) of [2|) that discontinuities of the process of hulls correspond to 
excursions above the minimum for the process of labels, which is a tree-indexed Brownian motion under 
a special conditioning. Such a discontinuity appears when the hull of radius r “swallows” a connected 
component of the complement of the ball of radius r, and this connected component consists of (the 
equivalence classes of) the vertices belonging to the associated excursion above the minimum at level 
r. This relation explains why several formulas and calculations below are reminiscent of those in [5]. 
In particular the conditional distribution of the mass a of an excursion given the boundary length Zq 
(see Proposition Kill) appears in [31 Theorem 1.3], as well as in the companion paper [TU], where this 
distribution is interpreted as the limiting law of the number of faces of a Boltzmann triangulation 
with a boundary of fixed size tending to infinity. 

In the same direction, there are close relations between the present article and the recent work of 
Miller and Sheffield [321 (331 [33] aiming at proving the equivalence of the Brownian map and Liouville 
quantum gravity with parameter 7 = ^8/3. In particular, the paper m uses what we call Brownian 
snake excursions above the minimum to define the notion of a Brownian disk, corresponding to bubbles 
appearing in the exploration of the Brownian map: See the definition of in Proposition 4.4, and 

its proof, in m- A key idea of m is the fact that one can use such Brownian disks to reconstruct 
the Brownian map by filling in the holes of the so-called “Levy net”, which itself corresponds to the 
union of the boundaries of hulls centered at the root (to be precise, the definition of hulls here requires 
that there is a marked vertex in addition to the root of the Brownian map). Interestingly, Bettinelli 
and Miermont [3] have developed a different method, based on an approximation by large planar 
maps with a boundary, to define the notion of a Brownian disk. The forthcoming paper [26] uses the 
excursion measure Nq introduced in the present work to unify these different approaches and derive 
new properties of Brownian disks. 

An obvious question is whether the excursion theory developed here can be extended to more general 
tree-indexed processes. As a hrst remark, many of our arguments rely on the special Markov property 
(Proposition [33] below), which has been stated and proved rigorously only for processes indexed by the 
Brownian tree. It is likely that some version of the special Markov property holds for processes indexed 
by Levy trees [131ES], which are random M-trees characterized by a branching property analogous to 
the one that holds for discrete Galton-Watson trees, but this has not been proven yet. One may then 
ask whether Brownian motion can be replaced by another Markov process indexed by the Brownian 
tree. The recent paper [2S] shows that the special Markov property still holds provided the underlying 
Markov process satishes certain strong continuity assumptions. These assumptions are satished by a 
“nice” diffusion process on the real line, and one may expect that analogs of our results will then hold 
in that more general setting. Proving this would however require a different approach, since we can 
no longer use the Levy theorem mentioned above. 

The present paper is organized as follows. Section [2] below presents a number of preliminary 
observations. In contrast with the previous lines where we consider the canonical space C'(M_|_, W), we 
have chosen to define the measure Nq on a smaller canonical space, the space of “snake trajectories” 
(see Section 1 ^ . The reason for this choice is that several transformations, such as the re-rooting 
operation, or the truncation operation allowing us to eliminate paths Wg hitting a certain level, are 
more conveniently defined and analysed on this smaller space. Snake trajectories are in one-to-one 
correspondence with tree-like paths (also defined in Section 12 .21) via a homeomorphism theorem of 
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Marckert and Mokkadem [22], and this bijection is usefnl to simplify certain convergence arguments. 
Section 12.41 gives a precise statement of the special Markov property which later plays an important 
role. 

Section O provides a construction of the measure Nq, by proving the analog of Theorem [T] for excur¬ 
sions above the minimum. As a by-product, this proof also yields the above-mentioned approximation 
of Nq in terms of the Brownian snake under Ng, truncated at level 0. Section 0] gives our analog of 
the Bismut decomposition theorem for the measure Nq. The proof is based on a re-rooting invariance 
property of the Brownian snake which can be found in [28| . Then Section |S] describes an almost sure 
version of this approximation, which is useful in further developments. 

Section |B] contains the definition of the exit measure Zq under Ng, and the derivation of the joint 
distribution of the pair (Zq, a). As an important technical ingredient of the proof of our main results, 
we also verify that the approximation of the measure Nq by a truncated Brownian snake under N^ can 
be stated jointly with the convergence of the corresponding exit measures (Proposition |32]). Section 
|7| contains the proof of the results analogous to Proposition O and Theorem 0] in the slightly different 
setting of excursions above the minimum. In a way very similar to the classical theory, we introduce 
an auxiliary Poisson point process with intensity dt ® NQ(dcu), such that all excursions above the 
minimum can be recovered from the atoms of this process - but as mentioned earlier the construction 
of this Poisson point process is somewhat more delicate than in the classical case. Finally, Section |5| 
explains how the results of the present introduction can be derived from those concerning excursions 
above the minimum. 

Warning. As already mentioned, we define the Brownian snake below on a smaller canonical space 
than C'(M+, W), namely on the space S of all snake trajectories introduced in Definition [6| In partic¬ 
ular, (VFs)s>o will be the canonical process on S, and Nq and Nq will be viewed as cr-hnite measures 
on S rather than on C(M+, W). The notation used below is therefore slightly different from the one 
in the Introduction, but this should create no confusion. 

Main notation. 

• Th tree coded by a function h (Section 2.1) 

• ^ genealogical order on 7( (Section 2.1) 

• ph canonical projection from M_|_ onto Th (Section 2.1) 

• W set of all finite paths, Wx set of all finite paths started at x (Section 2.2) 

• C(w) lifetime of w € W (Section 2.2) 

• w = for w S W (Section 2.2) 

• w = min{w(t) ; 0 < t < C(w)} for w E W (Section 2.2) 

• Ty{^) = infjt G [0,C(w)] : w(t) = y], t*(w) = inf{t E (0,C(w)] : w(t) = y} (Section 2.2) 

• S set of all snake trajectories, Sx set of all snake trajectories with initial point x (Section 2.2) 

• (VFs)s>o canonical process on S (Section 2.2) 

• Cs{<^) = C(Ws(aj)) lifetime process on S (Section 2.2) 

• aipj) duration of the snake trajectory cu E 5 (Section 2.2) 

• ||a;|| = sup{|a;s(t)| : 0 < s < a{oj),0 <t< C(ws)}) for cj E 5 (Section 2.2) 

• = {uj £ S : ||cj|| > d} (Section 3) 

• M{ijj) = sup{ws(i) : 0 < s < a{uj),0 <t< C(ljs)}) for cu E 5 (Section 2.2) 

• T set of all tree-like paths, T^, set of all tree-like paths with initial point x (Section 2.2) 

• 07 i-A Ka{u}) shift on snake trajectories (Section 2.2) 

• 07 i-A Rs{uj) re-rooting on snake trajectories (Section 2.2) 

• try ( 07 ) truncation of 0 ; E 5 at y (Section 2.2) 

• Na; Brownian snake excursion measure from x (Section 2.3) 

• VF* minimum of the Brownian snake (Section 2.3) 

• Sx (T-field generated by the Brownian snake paths under N^, before they exit U (Section 2.4) 

• exit measure of the Brownian snake from U (Section 2.4) 

• Zy = 1), Za = Z_a (Section 2.5) 

• 14 = Ws if u = P(is), label of tt E 7^ (Section 3) 

• D set of all excursion debuts (Section 3) 

• Cu = {w £ T(^ \ u < w and Vy > I 4 , Vu eJu, ml} for u £ D (Section 3) 

• Mu = sup{14 — Vu '■ V £ Cu} height of the excursion debnt u (Section 3) 
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• Ds set of all excursion debuts with height greater than 5 (Section 3) 

• vr(“) snake trajectory describing the labels of descendants of u G D, shifted so that G Sq 

(Section 3) 

• = tro(bb*^“^) truncation of at 0, for n G ZD (Section 3) 

• W = tro(bb) truncation at 0 of the canonical process W (Section 3) 

• M = M(W) (Section 3) 

• Nq Brownian snake excursion measure “above the minimum” (Section 3) 

• ^ 6 k,s point measure of excursions of w G 5o outside (—fee, oo) (Section 3) 

• = tro o K^k+i)e(^i^) truncation at 0 of the excursion shifted so that its initial point is e 
(Section 3) 

• Ox scaling operator on S (Section 3) 

• Vk[®l(w) = o Rs{‘^) snake trajectory u re-rooted at s and shifted so that the spatial position 

of the root is 0 (Section 5) 

• Zq exit measure at 0 under Ng (Section 6) 

• Nq’^ = Nq(- \ Zq = z) (Section 6) 

• yb = Jo ds l{r_i,(iy,)=oo} for 6 > 0 (Section 6) 

• n[)^^ = No(- I kk* < -/3) (Section 7) 


2. Preliminaries 

2.1. Coding a real tree by a function. In this subsection, we recall without proof a number of 
simple properties of the coding of compact M-trees by functions. We refer to |13j and m for additional 
details. 

Let h : R_|_ ^ M_|_ be a nonnegative continuous function on M_|_ snch that /i(0) = 0. We assume that 
h has compact support, so that 

ah '■= sup{t > 0 : h{t) > 0} < oo. 

Here and later we make the convention that sup 0 = 0. 

For every s,t G M+, we set 

dh{s,t) := h{s) + h{t) — 2 min h{r). 

sAt<r<sVt 

Then dh is a pseudo-distance on M+. We introduce the associated equivalence relation on M+, defined 
by setting s t if and only if dh{s^ t) = 0, or equivalently 

h(s) = h{t) = min h{r). 

sAt<r<s\/t 

Then, dh induces a distance on the quotient space M+/ ^h- 

Lemma 5. The quotient space Th '■= 1 ^+/equipped with the distance dh is a compact M-tree called 
the tree coded by h. The canonical projection from R+ onto Th is denoted by ph- 

See e.g. m Theorem 2.1] for a proof of this lemma as well as for the definition of M-trees. For 
every u,v G Th-, the segment [u, u] is defined as the range of the (unique) geodesic from u to u in 
(Thjdh)- The sets ]]«, n]] or Ju, n]] are then defined with the obvious meaning. 

Write p for the equivalent class of 0 in the quotient M_|_ / ~/i, and note that, for every s > 0, 
dh{p,Ph{s)) = h{s). We call p the root of Th, and the ancestral line of a point u G Th is the geodesic 
segment [p, u]. We can then define a genealogical relation on Th by saying that u is an ancestor of v 
(or n is a descendant of u) if u belongs to Ip, uj. We will use the notation u ^ v to mean that u is an 
ancestor of v. If s,t > 0, the property Phis) M Phit) holds if and only if 

h(s) = min h(r). 

sAt<r<s\/t 

If u,v G Th, the last common ancestor of u and v is the unique point, denoted hy u Av, snch that 

Ip,u} n Ip,v} = Ip,uAv}. 

If u = Ph{s) and v = Ph{t) then u A v = Ph{r), where r is any time in [s At, s V t] such that 
h{r) = min{/i(r') : r' G [s A t, s V t]}. 
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We call leaf of Th any point u G Th which has no descendant other than itself. We let Sk(7h), the 
skeleton of Th, be the set of all points of Th that are not leaves. The multiplicity of a point u G Th is 
the number of connected components of Th\{u}. A point u ^ p is a leaf if and only if its multiplicity 
is 1. 

Suppose in addition that h satisfies the following properties: 

(i) h does not vanish on {0, ah)', 

(ii) h is not constant on any nontrivial subinterval of (0, Uft); 

(iii) the local minima of h on (0, ah) are distinct. 

All these properties hold in the applications developed below, where h is a Brownian excursion away 
from 0. Then the multiplicity of any point of Th is at most 3. Furthermore, a point u has multiplicity 
3 if and only if u is the form u = Phir) where r is a time of local minimum of h on (0, ah)- In that case 
there are exactly three values of s such that Ph{s) = u, namely s = sup{t < r : h{t) > h{r}, s = r and 
s = inf{t > r : h{t) < /i(r)}. Points of multiplicity 3 will be called branching points of Th- If u and v 
are two points of Th, and ii u f\v ^ u and u f\v ^ v, then u A u is a branching point. Finally, if u is a 
point of Sk(7/i) which is not a branching point, then there are exactly two times 0 < si < S 2 < o'/! such 
that Ph{si) = Ph{s2) = u, and the descendants of u are the points Ph{s) when s varies over [si, 52 ]- 


2.2. Canonical spaces for the Brownian snake. Before we recall the basic facts that we need 
about the Brownian snake, we start by discussing the canonical space on which this random process 
will be defined (for technical reasons, we choose a canonical space suitable for the definition of the 
Brownian snake excursion measures, which would not be appropriate for the Brownian snake starting 
from an arbitrary initial value as considered above in the Introduction). 

Recall the notion of a finite path from the Introduction. We let W denote the space of all finite 
paths in M, and write C(w) the lifetime of a finite path w G W. The set W is a Polish space when 
equipped with the distance 

cfw(w,w') = |C(w) -C(w')l +sup|w(f AC(w)) -w'(t AC(w'))|- 

The endpoint or tip of the path w is denoted by w = w(C(w))- For every x G M, we set Wx = {w G 
W ; w(0) = x}. The trivial element of Wx with zero lifetime is identified with the point x - in this 
way we view M as the subset of W consisting of all finite paths with zero lifetime. We will also use 
the notation w = min{w(f) : 0 < t < C(w)}- 
We next turn to snake trajectories. 


Definition 6. Let x G M. A snake trajectory with initial point x is a continuous mapping 

uj : M_|_ —>■ Wx 
S l-y UJs 

which satisfies the following two properties: 

(i) We have loq = x and sup{s > 0 : 7 ^ x} < 00 . 

(ii) For every 0 < s < s', we have 

ojsit) = ujs'it) , for every 0<t< min 

s<r<s' 

We write Sx for the set of all snake trajectories with initial point x, and 

S'-=\JSx 

for the set of all snake trajectories- 


li oj G Sx, we write 

a{uj) = sup{s > 0 : Ws 7 ^ x} 

and call a{uj) the duration of the snake trajectory uj. For u; G 5, we will also use the notation 
Ws{u}) = LVs and Cs(^) = C(a;s) for every s > 0 , so that in particular (BA) 5 >o is the canonical process 
on S- 

Remark. Property (ii) is called the snake property. It is not hard to verify that, for any mapping 
UJ : M+ ^ Wx such that both the lifetime function s i-A Cs(‘^) and the tip function s i-A = Ws{uj) 
are continuous, then the snake property (ii) implies that uj is continuous. 
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The set S is equipped with the distance 

ds{co,uj') = \cr{uj) - a{ijj')\ + sup dw(TTs(a;), Ws'(w)). 

s>0 

Note that 5 is a measurable subset of the space C(M+, W), which is equipped as usual with the Borel 
(T-field associated with the topology of uniform convergence on every compact interval. 

We will use the notation 

||a;|| = sup{|ws(t)| : s > 0,0 < t < Cs(‘^)} = sup{|a)s| : s > 0}, 

M{ui) = sup{a;s(t) : s > 0,0 < t < Cs(^^)} = supjtDs : s > 0}, 

for to G 5. The fact that the two suprema in the definition of ||a;|| (or in the definition of M{u})) are 
equal is a simple consequence of the snake property, which implies that 

{oJs{t) : s > 0,0 < t < Cs(w)} = : s > 0}. 

One easily checks that a snake trajectory to is completely determined by the two functions s i-A Cs(^) 
and s I—)• kl4(to). We will state this in a more precise form, bnt for this we first need to introduce 
tree-like paths. 

Definition 7. A tree-like path is a pair {h, f) where h : M_|_ —>■ M_|_ and f : M_|_ —>■ M are continuous 
functions that satisfy the following properties: 

(i) ITe have h{0) = 0 and '■= sup{s > 0 : h{s) / 0} < oo. 

(ii) For every 0 < s < s', the condition 

h{s) = h{s') = min h{r) 

implies that f{s) = /(s'). 

The set of all tree-like paths is denoted by T, and, for every x G M, T^, := {{h, f) G T : /(O) = x] 
denotes the set of all tree-like paths with initial point x. 

Remark. Our terminology is inspired by the work of Hambly and Lyons, who give a slightly different 
definition of a tree-like path in a more general setting (see [151 Definition 1.2]). 

It follows from property (ii) that, if {h, f) G T^,, we have /(s) = x for every s > a^. The set T is 
equipped with the distance 

diiih, /), {h', /')) = \ah -crh'\+ sup(|/i(s) - h'{s)\ + |/(s) - /'(s)|). 

s>0 

If {h, f) is a tree-like path, h satisfies the assumptions required in Section 12.11 to define the tree 
Th- Then, property (ii) just says that, for every s > 0, /(s) only depends on Ph{s), and thus / can 
as well be viewed as a function on the tree Th- Furthermore the function induced by / on Th is also 
continuous. For u G Th, we then interpret f{u) as a spatial position, or a label, assigned to the point 

u. 

Proposition 8. The mapping A : 5 —)• T defined by A(c<;) = {h,f), where h{s) = Cs(<^) o.'^d f{s) = 
Ws{u:), is a homeomorphism from S onto T. 

This is essentially the homeomorphism theorem of Marckert and Mokkadem [291 Theorem 2.1]. 
Marckert and Mokkadem impose the extra condition cr = 1 for snake trajectories, and the similar 
condition for tree-like paths, but the proof is the same without this condition. We mention that 
a{u}) = ah if {h, f) = A(a;). 

Let us briefly explain why Proposition[5]is relevant to onr purposes. Much of what follows is devoted 
to studying the convergence of certain (random) snake trajectories. By Proposition [51 this convergence 
is equivalent to that of the associated tree-like paths, which is often easier to establish. 

Remark. Let {h, f) be a tree-like path, and let uj be the associated snake trajectory. We already 
noticed that / can be viewed as a continnons function on the tree Th coded by C- The same holds for 
the mapping s !->■ 0 ;^. More precisely, for every s > 0, and every t < Cs(‘^) = h{s), LJs{t) is the valne of 
/ at the nnique ancestor of Phis) at distance t from the root (recall that dh{p,Ph{s)) = h{s)). Thus 
the finite path cOg = ii-^sit))o<t<(s{ui) provides the valnes of / along the ancestral line of Ph{s). We say 
that LJs is the historical path of Ph{s). 
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Lemma 9. Let u be a snake trajectory and {h, f) = A(a;). Let 0 < s < s' < cr(w) such that 

h{s) = /i(s') = min h{r). 


Set, for every r >0, 


h'{r) = h{{s + r) A s') — h{s) 
fir) = /((s + r) As'). 


Then, {h', f) is a tree-like path and the corresponding snake trajectory io' = A ^{h',f') is called the 
subtrajectory of u) associated with the interval [s,s']. 


We omit the easy proof. The assumption of the lemma is equivalent to saying that Phis) = phis'). 
Suppose in addition that {r > 0 : ph{r) = Phis)} = {s, s'}. Then u := Phis) is a point of multiplicity 
2 of Sk(7/i), and the subtree of descendants of u is coded by /'. Furthermore the snake trajectory to' 
describes the spatial positions of the descendants of u. 

Let us finally introduce three useful operations on snake trajectories. The first one is just the 
obvious translation. If a S M and a; € 5, Kaitv) is obtained by adding a to all paths In other words 
Cs(Ka(w)) = G(w) and WsiKaiuj)) = Wsiw) + a for every s > 0. 

The second operation is the re-rooting operation. Let w be a snake trajectory and let {h, f) be the 
associated tree-like path. Fix s € [0,cj(a;)]. We will define a new snake trajectory Rsico), which is 
more conveniently described in terms of its associated tree-like path = A{Rsioj)). Roughly 

speaking, /il®! is the coding function for the tree Th re-rooted at Phis) (this is informal since the coding 
function of a tree is not unique) and describes the “same function” as / but viewed on the re-rooted 
tree. To make this more precise, we set for every r E [0, cr(a;)]. 




(r) = h{s © r) -|- h{s) — 2 min 

sA{s(Br)<t<s\/ {s(Br) 


hit), 


where s©r = s + r if s + r< (t{uj) and s©r = s + r — cr(a;) otherwise. We also set f^\r) = 0 if 
r > a{u!). Furthemore we set /^(r) = f{s © r) if r E [0, cr(ca)] and /^(r) = f{s) if r > a{uj). See m 
Lemma 2.2] for the fact that the mapping [0,cr(w)] 9 r i-A s©r induces an isometry from the tree 7)j[s] 
onto the tree Th (this in particular implies that (/i^®!, f''^) is a tree-like path), and [221 Section 2.3] for 
more details about this re-rooting operation. 

The third and last operation is the truncation of snake trajectories, which will be important in this 
work. Roughly speaking, if a; E 5^ and y ^ x, the truncation of cu at y is the new snake trajectory co' 
such that the values a;( are exactly all values Us for s such that ujg does not hit y, or hits y for the 
first time at its lifetime. Let us give a more precise definition. First, for any w E W and y E M, we set 


Ty{w) := inf{t E [0, C(w)] : w(t) = y} , t* ( w ) := inf{f E (0, C(w)] : w(f) = y} , 

with the usual convention inf 0 = oo. Note that t *( w ) may be different from Ty{w) only if w(0) = y, 
but this case will be important in what follows. 


Proposition 10. Let x,y E M. Let u E Sx, and for every s > 0, set 


Asiuj) — dr 


and 


Tjsiio) = inf{r > 0 : Ariov) > s}. 

Then setting a;( = for every s > 0 defines an element of Sx, which will be denoted by w' 

and called the truncation of lv at y. 


tvyiui) 


Proof. First note that, by property (i) of the definition of a snake trajectory, we have ^^(a;) —oo as 
s ^ oo (because Cri^^) < '’'^{ur) if r > cr(a;)), and therefore rjsioj) < oo for every s > 0, so that the 
definition of w' makes sense. 

We need to verify that w' E Sx. To this end, we observe that the mapping s i-A r]sfj) is right- 
continuous with left limits given by 


Tjs-i^) = inf{r > 0 ; Ariui) = sj , Vs > 0. 

To simplify notation, we write rjg = rjsiu}), rjs- = Ps-i^.^), Ag = As{uj) and Cs = C(‘^) iii what follows. 
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We first verify the continuity of the mapping s i-A Let s > 0 such that C??* >0. By the definition 
of Tjs there are values of r > arbitrarily close to rjg such that (r < Tyi^r)- Using the snake property, 
it then follows that the path does not hit y, or hits y only at time Crjs (notice that we 

excluded the value t = 0 because of the particular case y = x, since we have trivially a;^„(0) = y in 
that case). Similarly, for every s > 0 such that Cys- > 0) the path _ does not hit y, or 

hits y only at time ■ 

Let s > 0 be such that rjs- < "^s- The key observation is to note that 
(1) Cr ^ Crjs- = Crjs : £ [Vs—^Vs]- 

In fact, suppose that ([T]) fails, so that certain values of () on the time interval {r]s-,Vs) are strictly 
smaller that V ■ Suppose for definiteness that Cr/s- < Cr?s (the other case Cr/s- > Crjs is treated 
similarly). Then we can find r E (ys_,ys) such that 0 < Cr < Cr?^ and Cr = niinlC^ : u E [r,y^]}. 
By the snake property this means that ojr is the restriction of ojn^ to [0,Cr]) and, since we know that 
{i^r]s{'t))o<t<Cna does not hit y, it follows that T*{u:r) = oo. Hence we have also T*(ujr') = oo, for all r' 
sufficiently close to r, and therefore which is a contradiction. 

The mapping s i-A is right-continuous and its left limit at s > 0 is . Property ([I|) and the 
snake property show that, for every s such that < rjs, we have tOys- = so that the mapping 
s i-A = oj'g is continuous. 

Furthermore, it also follows from ([T]) that, for every s < s', 

min Cr?,. = min Cr 

re[s,s'] r&[ris,V 3 >] 

and the snake property for ui' is a consequence of the same property for uj. 

We also need to verify that loq = x. This is immediate if y / x (because clearly yo = 0 in that 
case) but an argument is required in the case y = x, which we consider now. It suffices to verify that 
Cr?o = 0. We argue by contradiction and assume that Cyo > d; which implies that yo > 0. By previous 
observations, the path does not hit x during the time interval (0,Cr?o)- However, by the snake 
property again, this implies that there is a set of positive Lebesgue measure of values of r E (0, yo) 
such that T*(uJr) = oo, which contradicts the definition of yo. 

We finally notice that, for s > dr <T»(a;)}, we have r]s(<^) > cr(<^) and thus a;(, = x. This 

completes the proof of the property w' E 5a;. □ 

Remark. If s > 0 is such that rjs- < Vs-, and furthermore Cr?s > 0; then we have = (s- Indeed, 

since = Ay^_ = s, there exist values of r < y^ arbitrarily close to rjs such that T*(ujr) < Cr, 
and by the snake property it follows that we have = y. Since we saw in the previous proof that 
(‘^»?.(^))o<t<c„, does not hit y, we get that T*{u}yJ = Cs- 

The truncation operation tr^^ is a measurable mapping from Sx into Sx- If y ^ x, and if ta' = tiCy{uj) 
is the truncation of a snake trajectory io E Sx, the paths a;( stay in [y, oo) (if y < x) oi in (—oo,y] (if 
y > x) and can only hit y at their lifetime. 

The following lemma gives a simple continuity property of the truncation operations. 

Lemma 11. Let w E 5o and b < 0. Suppose that 

ra{u,) 

ds l{T-i,(ajs)=fs(c^)} = d. 

Then, for any sequence {bn)n>i such that bn fb as n ^ oo, we have trb^(a;) —)• trb(a;) in S as n ^ oo. 

We omit the easy proof of this lemma. We conclude this subsection with another lemma that will 
be useful in the proof of one of our main results. The proof is somewhat technical and may be omitted 
at first reading. Recall the notation w = min{w(t) : 0 < f < C(w)} for w E W. 

Lemma 12. Let w E 5, and let oj' be a subtrajectory of to associated with the interval [a,b]. Assume 
that oj' E So and, for every n > 1, let be a subtrajectory of ui associated with the interval [an,bn\, 
such that [a,b] C [an, bn] for every n > 1 and On ^ a, bn ^ b as n ^ oo. Assume furthermore that 
the following properties hold: 

(i) Wa(f) > d for every 0 <t < ((a;,)/ 

(ii) for every s € {0,b — a), Tq (a;() > 0 and uj's{t) > 0 for 0 < t < To{u]s) A C(a;')/ 

(hi) for every s E (0, 6 — a) such that Qo;') > (^(); we have < 0. 
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Then, if{6n)n>i is any sequence of negative real numbers converging to 0, we have —> tro(w') 

in S as n ^ CO. 


Proof. The first step is to verify that converges to to' in S. To this end, let {h, f) be the tree-like 
path associated with to, and notice that the tree-like path associated with is (h^^\ with 

hM(r) = h{{an+r) Abn) — h{an) and = f{{an+r) Abn). From the convergences On -A a, bn ^ b, 

it immediately follows that the pair converges to the tree-like path {h', f) associated with 

uj', and Proposition [5] implies that converges to oj'. 

We also note that, for every n > 1, we have /^"'^(O) = /(on) = u}a„{h{an)) = 0Ja{h{an)), where the 
last equality holds because Phio-n) is an ancestor of Ph{a). Using (i), we get that /^"'^(O) > 0. By 
preceding remarks, we know that the paths of tr 5 ^(cji"'i) stay in [5„,oo). 

Set = tr 5 ^(a;i"’i) and Q' = tro(a;') to simplify notation. Then set, for every s > 0, 


:= 


dr 1 


{h(»)(r)<r| (4"’)}’ 


W. : = 


dr 1 


{h'(r)<r*(w;)}) 


and 

:= inf{r > 0 : > s}, 4 := inf{r > 0 : > s}, 

in such a way that and Q' = oj' , by the definition of truncations. We observe that, for 

Vs 

every s > 0, we have 


( 2 ) 


A{n) _. A' 

T X rt / T X rt • 

n^oo 


To see this, note that, for r E [a,b], the paths ojr are the same as oJa up to time h{a) = Ca(uj), and 
thus stay nonnegative on the time interval [0, h{a)] by assumption (i). From our definitions, it follows 
that the paths oj^^n+r^ for 0 < r < 6 — a, stay nonnegative up to time h{a) — h{an) > 0. Then, for 
r E [0, 6 — a], we have 4(') = + •)) by (ii) we get that, if h'{r) < Tq (oj!,.), the 

path Lo^^nn+r does not hit < 0 between times h{a) — h(an) and h^'''\a — On + r). Hence, we have, 
for every r E [0, 6 — a], 

l{h'(r-)<r*K)} < ^{hW(a-a„+r)<r|j4"4^+J}- 
It follows that A'g < A^^2a„+s ^ -|- (a — a^), which implies 

limintH^T^ > A', 

'<r\ _* * 


for every s > 0. Conversely, we claim that, for every r E (0, 6 — a), 


Indeed, if then assumption (hi) implies that 4 takes negative values before its lifetime. 

From the convergence of oj^'^ to a;(., we get that we must have Tf^{oj^'^) < h^'^^r) for n large, proving 
our claim. The claim now gives 

limsupH^"^ < A'g, 

n^oo 

completing the proof of ([2]). Notice that m also implies that A^_^^ —y A'ij_^, from which one gets 
that —^ cr{oj'), noting that cr{u}') = ^ consequence of (ii) (if 0 < s < A'^_a-i 

is not a trivial path by (ii) and the fact that 0 < r/(, < 6 — a). 

It follows from m that we have —> r/(, and consequently —> a)(, as n ^ oo, for every 

s > 0 such that 4 = 4_. To see that this implies the uniform convergence of toward w', we 
argue by contradiction. Suppose that this uniform convergence does not hold, so that (modulo the 
extraction of a subsequence of (a)^"^^)n>i) we can find a sequence (s„)„>i and a real > 0 such that, 
for every n, 

( 3 ) dsilstKAJ > 0 

Since both CjA and in' are constant (and equal to a trivial path) when r > rr(in), we can assume 
that Sn E [0, cr(c<;)] for every n and then, modulo the extraction of a subsequence, that Sn — > Soo as 
n ^ oo. We must then have 1/4- ^ because otherwise ([2]) would imply that — y tJs^ and 

therefore — y contradicting ([3]). We can also assume that 0 < Soo < O'(w0i ^-iid therefore 
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0 < 77 '^ < b — a, since it follows from assumption (ii) that rj' is continuous at cr(a)') = (if 

0 < s < 6 — a, property (ii) and the snake property imply that the interval [s,b — a] contains a set of 
positive Lebesgue measure of values of r such that rQ(w(r)) = 00 , and this is what we need to get the 
latter continuity property). Also notice that (ii) implies h'{r) > 0 for 0 < r < b — a and consequently 
h'{r]'^) > 0 for 0 < r < 

From 0, we get that any accumulation point of the sequence {rfs^)n>i must lie in the interval 
claim that for any such accumulation point r we have . This implies that 

converges to co'^, = and contradicts To verify our claim, let r € [^soo-’ 

an accumulation point of the sequence (7?i”^)n>i- By property 0 in the proof of Proposition [TUI we 
know that the path oj'^ coincides with a;'/ up to h' (r/^ ) = Tq equality by the remark 

_ 's 00 's 00 

following Proposition HOD . However, h'{r) > h'{r]g^) is impossible since assumption (iii) would imply 

that a;(, takes negative values and cannot be an accumulation point of the sequence (because 
takes values in [6n, 00 ) and 6n tends to 0 as n ^ 00 ). Therefore we have h'{r) = h'{rj'g^) meaning that 
= u' I as desired. This completes the proof. □ 

'Soo 

2.3. The Brownian snake. In this section we discuss the (one-dimensional) Brownian snake excur¬ 
sion measures. We avoid defining the Brownian snake starting from a general initial value (which is 
briefly presented in the Introduction above) as this definition is not required in what follows, except 
in the proof of one technical lemma iLemma llbp which the reader can skip at first reading. 

Let h : M+ ^ M+ satisfy the assumptions of Section 12.11 (including assumptions (i)-(iii) from the 
end of this subsection) and also assume that h is Holder continuous with exponent 6 for some 5 > 0. 
Let {G^)s>o be the centered real Gaussian process with covariance 

(4) cov(G^,G(‘)= min /i(r), 

sAt<r<s\/t 

for every s,t > 0. We leave it as an exercise to verify that the right-hand side of 0 is a covariance 
function (see Lemma 4.1 in M)- Note that we have then 

(5) E[{G^,-G^,f]=dh{s,t). 

An application of the classical Kolmogorov lemma shows that (G^)s>o has a continuous modification, 
which we consider from now on. Then property 0 entails that, for every fixed 0 < s < t such that 
dh{s,t) = 0, we have P{G^ = G^) = 1. A continuity argument, using the assumptions satisfied by h, 
then shows that, a.s., for every 0 < s < t, the property dh{s, t) = 0 implies G^ = G^. This means that 
apart from a set of probability 0 which we may discard, the pair {h, G^) is a (random) tree-like path 
in the sense of the preceding subsection. 

The (one-dimensional) snake driven by h is the random snake trajectory = (IT^)s>o associated 
with the tree-like path (h, G^). We write P/i(dw) for the law of on the space 5o. 

We next randomize h: We let n(d/i) stand for Ito’s excursion measure of positive excursions of 
linear Brownian motion (see e.g. |36l Chapter XH]) normalized so that, for every e > 0, 

nf max h(s) > el = —. 

V s>o ^ ^ J 2e 

Notice that n is supported on functions h that satisfy the assumptions required above to define 
and the probability measure P/i(da;). The Brownian snake excursion measure Nq is then the fi-finite 
measure on Sq defined by 

No(da;) = J n{dh)'Ph{du}). 

In other words, the “lifetime process” (Cs)s>o is distributed under No(da;) according to Ito’s measure 
n(d/i), and, conditionally on (Cs)s> 0 ) (B4)s>o is distributed as the Brownian snake driven by (Cs)s>o- 
The reader will easily check that the preceding definition of Nq is consistent with the slightly different 
presentation given in the Introduction above (see m for more details about the Brownian snake). For 
every x E M, we also dehne N^; as the measure on Sx which is the image of Nq under the translation 
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Let US recall the first-moment formula for the Brownian snake m Section IV.2], For every nonneg¬ 
ative measurable function (/> on W, 


( 6 ) 


N, 


dS(/)(VF 5 )) = Ea; / dt 4>{{Br)o<r<t) 


'■JO ' ^JO 

where B = {Bj.)r>o stands for a linear Brownian motion starting from x under the probability measure 
Pa;. Here we recall that N^; is a measure on Sx, and so the duration a is well-defined under N^; as in 
Definition [BJ 

We define the range TZ by 


TZ := {Ws : s > 0} = {Ws{t) : s > 0,0 < t < Cs}, 


and we set 


IW := min 7^. 


Then, if x, y E M and y < x, we have 

(7) Na;(LF, < y) 

See e.g. [2TJ Section VI.1]. 


3 

2(x - y)2‘ 


2.4. Exit measures and the special Markov property. In this section, we briefly describe a key 
result of m that plays a crucial role in the present work. Let U he a nonempty open interval of M, 
such that [7 7 ^ M. For any w E W, set 

r^(w) := inf{t E [0,C(w)] : w(t) ^ U}. 

If X E 17, the limit 

(8) <^) = 1™ ^ ds I{rc^(w.)<c«<rt'(w«)+H (piWsir^iWs))) 

exists Na; a.e. for any function (j) on dU and defines a finite random measure supported on dU (see 
[SI Chapter V]). Notice that here dU has at most two points, but the preceding definition holds in 
the same form for the Brownian snake in higher dimensions with an arbitrary open set U. Informally, 
the measure Z^ “counts” the exit points of the paths Wg from U, for those values of s such that Wg 
exits U. In particular, Z^ = 0 if none of the paths Wg exits U. 

Exit measures are needed to state the so-called special Markov property. Before stating this property, 
we introduce the excursions outside 17 of a snake trajectory. We fix x E [7 and we let uj G Sx- We 
observe that the set 

{s > 0 ; T^{u}g) < Cs} 

is open and can therefore be written as a union of disjoint open intervals {ai,bi), i E I, where I may 
be empty. From the fact that a; is a snake trajectory, it is not hard to verify that we must have 
P({ai) = P({bi) for every i G I, where is the canonical projection from ]R_|_ onto the tree 7( coded 
by (Cs(w))s>o- Furthermore the path cJq. = cufo. exits U exactly at its lifetime Cai = Cfei- We can then 
define the excursion Wj, for every i G I, as the subtrajectory of u associated with the interval [a*, 5*] 
(equivalently Wg{u}i) is the finite path {uj(ai+s)Ab,{(ai +7))o<t<ch^) lifetime C{s) = C{ai+s)Abi - Cat, 
for every s > 0). The Wj’s are the “excursions” of the snake trajectory uj outside U - the word “outside” 
is a little misleading here, because although these excursions start from dU, they will typically come 
back inside U. We define the point measure of excursions of uj outside U by 

V^iuj) 

iei 

We also need to define the cr-field on Sx containing the information given by the paths ujg before 
they exit U. To this end we generalize a little the definition of truncations in Section [2.21 If cj G Sx, 
we set 

tr^(w)^ := uj^u 

where 

pr 

Vs ■= inf{r > 0 : / dt > s}. 

'J 0 

Just as in Proposition 1101 we can verify that this defines a measurable mapping from Sx into Sx- We 
define the cr-held on Sx as the cr-field generated by this mapping and completed by the measurable 
sets of Sx of N^-measure 0. 
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We can now state the special Markov property. 

Proposition 13. Let x G C/. The random measure is -measurable. Furthermore, under the 
probability measure Na;(- \ TZCiU^ ^ 0), conditionally on £^, the point measure is Poisson with 
intensity 

J Z^{dy)Ny{-). 

See [2Ul Theorem 2.4] for a proof in a much more general setting. Note that, on the event {TZriU‘^ = 
0}, there are no excursions outside U, and this is the reason why we restrict our attention to the 
event {TZ ^ 0 }, which has finite Na;-measure by d?]) (in fact, since Z^ = 0 on {IZ n [/'^ = 0 }, we 
could as well give a statement similar to Proposition 1131 without conditioning). 


2.5. The exit measure process. We now specialize the discussion of the previous subsection to the 
case U = {y, oo) and x > y. The exit measure is then a random multiple of the Dirac mass at 

y, and is determined by its total mass, which will be denoted by Zy = 1). We have 

{Zy > 0} = {W* < y} = {W^ < y} , Nj; a.e. 

Note that the identity {IT* < y} = {W* < y}, a.e., follows from the fact that the right-hand side 

of ([ 7 ]) is a continuous function of y. The fact that {Zy > 0} = {W* < y}, N^, a.e., can then be deduced 
from the special Markov property (Proposition [T3D. 

The Laplace transform of Zy under N^, can be computed from the connections between exit measures 
and semilinear partial differential equations m Chapter V]. For every A > 0, 

(9) N3;(l-exp(-AZy)) = + . 

See formula (6) in [9] for a brief justification. Note that letting A ^ oo in Q is consistent with ©. 
A consequence of ([9|) is the fact that 


( 10 ) N,{Zy) = 1 . 

Let us discuss Markovian properties of the process of exit measures. If y' < y < x, an application of 
the special Markov property combined with formula Q gives on the event {IT* < y}, for every A > 0, 



exp —XZyi 


^^j/,oo)) ^ ( - - 2 ^ 1 / hly(l - exp{-XZy/))'j = exp -Zy(^X -|- 



It follows that the process {Zx-a)a>o is Markovian under N^;, with the transition kernels of the 
continuous-state branching process with branching mechanism 'tpW = a/8/3 A^/^ (see e.g. 0 Section 
2.1] for the definition and properties of this process). Although is an infinite measure, the previous 
statement makes sense by arguing on the event {IT* < x — d}, which has finite Nj,-measure for any 
d > 0, and considering iZx-s-a)a>o- 

We will use an approximation of Zy by Ti:^’'^^-measurable random variables (notice that this is not 
the case for ([8])). Recall our notation Ty{w) := inf{t G [0,C(w)] • w(t) = y} for w G W. 


Lemma 14. Let y < x. We have 

where the convergence holds in probability under Na;(- | IF* < y). 


Proof. This follows from arguments similar to the proof of Proposition 1.1 in O Section 4.1], and we 
only sketch the proof. For every e > 0, set 


A.= 


ds 1 


{(:s<Ty{W,),Ws<y+£}- 


If e G (0, X—y), the special Markov property applied to the domain {y+e, oo) shows that the conditional 
distribution of Ag, under Na:(- | IF* < y e) and knowing is the law of ^^(Zj^+e), where 

{Ss{t))t>Q is a subordinator whose Levy measure is the law of A^ under (recall the comments 

following Proposition [7] about laws of random variables under cj-finite measures), and Sg is assumed 
to be independent of Zy+^. The first-moment formula for the Brownian snake dHj) gives Ny+£(Ae) = e^, 
so that Se(t) has mean e'^t. On the other hand, scaling arguments entail that {S£{t))t>o has the same 
distribution as {e‘^Si{e~‘^t))t>o. Hence, under Na:(- | IF* < y-|-e) and conditionally on £iy+^<°°)^ ^“^Ag 
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has the law of and the latter random variable is close in probability to Zyj^^ by the 

law of large numbers converges in probability to 1 as t ^ oo). The result of the lemma 

follows since Zy^,. converges to Zy in probability when e —)• 0. □ 

We note that the quantities /o^ ds are functions of the truncation try(w), and 

therefore fi^’°°^-measurable. As a consequence of Lemma[T31 we can fix a sequence {an)n>i of positive 
reals converging to 0 such that 

(11) Zy = lim aZ^ / dslr> ^ ^ w ^ i i i a.e. 

^ ’ y n^oo ^ Jq Ks<Ty{Ws),Ws<y+Qn} ’ ^ 

and we can even choose the sequence (an)n>i independently of the pair (x, y) such that y < x (observe 
that if (1111) holds for y = x — 5, then an application of the special Markov property (Proposition fTTni 
shows that it holds for every y E (—oo, x — 5]). It will be convenient to define Zy{ui) for every u G Sx, 
by setting 

ra-lLd) 

^y(^) = ds ll^^(y,)<r^(w4co)),WsH<y+a„}- 

By the previous considerations, this definition is consistent with ([5]) up to an N^-negligible set. Fur¬ 
thermore, we have Zy{uj) = Zy{tiCy{u})) for every u G Sx- 

In much of what follows, we will argue under the measure No, and we simply write instead 

of for every y < 0. For u G Sq, we use the notation 

Za{uj) = Z_a{^) 

for every a > 0. Because continuous-state branching processes are Feller processes, we know that the 
process {Za)a>o has a cadlag modification under No, and we will always consider this modification. 
We call {Za)a>o the exit measure process. 

We will need some bounds on the moments of Za- By m, we already know that No(.^a) = 1 
for every o > 0. Moreover, an application of the special Markov property shows that the process 
{Zs+a) a>o is a martingale under No(- | BA < —<5), for every d > 0 (this also follows from the fact that 
'0(A) = v^8/3 is a critical branching mechanism). 

Lemma 15. Let p G (1,3/2). For every 0 <b < a, we have No((.^6)^) < No((.^a)^) < oo. 

Proof. Write Nq“^ := No(- | BA < —a) to simplify notation. As a consequence of Q and ([7]), we get 
that, for every A > 0, 

and we have also Nq'^^(Z(j) = 2o^/3. From a Taylor expansion, we get 

_ (p _ anS,“)(ZJ) = a3/2 + o(a3/2), 

as A ^ 0. By [6l Theorem 8.1.6], this implies the existence of a constant C such that NQ“^(Za > x) < 
(^^-3/2 £qj, every x > 0. Consequently, NQ“^((Za)P) < oo if 1 < p < 3/2. 

Finally, if 6 E (0, a), we get by using the martingale property of the exit measure process, 

^oiiZtf) = ^N^^H{Z,r) < ^n^^\{Zar) = No((^a)^) < oo. 

□ 

2.6. A technical lemma. We finally give a technical lemma concerning local minima of the process 
IB. 

Lemma 16. No a.e., there exists no value of s G (0, a) such that: 

(i) s is a time of local minimum of W, in the sense that there exists e > 0 such that BA > BA for 
every r G {s — £,s + e). 

(ii) Ws = W^ and there exists t G (0, As) such that BA(t) = W_g. 
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Proof. The proof uses more involved properties of the Brownian snake, which we have not recalled 
but for which we refer the reader to m- We start by observing that, for every reals y < x, we have 
Na: a.e. 

(12) inf{s > 0 : Ws < y} = inf{s > 0 : W, < y}. 

In other words, when the Brownian snake hits y, it immediately hits values strictly smaller than y. 
See the proof of Theorem VI.9 in m for an argument in a more general setting. 

Then, fix w G Wq and let (BT)s>o be a Brownian snake that starts from w under the probability 
measure Pw (we write and not Wg because Pw is not defined on the space S of snake trajectories). 
We let (C()s>o be the lifetime process of (VlT)s>o. Suppose that there is a unique time to £ (O)C(w)) 
such that w(to) = w, and introduce the stopping time 

r := inf{s > 0 : < to}- 

Notice that the path Wf is equal to the restriction of w to [0, to], and thus Wf = w(to) = w. We then 
claim that, P* a.s. on the event where infjs > 0: W' < wj < r, we have 

inf{s > 0 : < wj = inf{s > 0 : W'^ < wj. 

This follows by using the subtree decomposition of the Brownian snake started at w (see m Lemma 
V.5]) together with property (fl^l) above. 

We can now combine the previous observations with the Markov property of the Brownian snake 
under No. We obtain that No a.e. for every rational r G (0,cr) such that t i-A Wr{t) attains its 
minimum at a (necessarily unique) time to € (0,Cr), the property 

inf{s > r -.Ws < W_j.} < inf{s > r : (g < h} 

implies 

(13) inf{s >r:Wg< W^} = inf{s > r : Wg < WJ. 

Let show that this implies the statement of the lemma. We argue by contradiction, assuming that 
there is a value sq G (0, cj) such that properties (i) and (ii) hold for s = sq. Write to for the (unique) 
time in (0, Jo) such that BJo(to) = Wsq choose <5 > 0 such that to < Jo “ Then, using property 

(i) for s = So and the properties of the Brownian snake, we can find a rational r < so sufficiently close 
to So so that, for some y > 0, 

(a) Wg > WgQ for every s G [r, so + xj; 

(b) J + 5/2 > J > J — (i/2 for every s G [r, sq]. 

We note that VJ coincides with Wg^ at least up to time J — 5/2 > J^ — 5 > to. In particular to is also 
the unique time of the minimum of t i-A Wr{t) on (0, J), and W_r = S/sq ~ ^*0 (h already follows 
from property (a) that W_r J ^so)- Property (b) then gives 

inf{s > r :Wg < Wrl < sq < inf{s > r : J < to}. 

This allows us to apply (fT^t) and to get 

inf{s >r:Wg< W,} = inf{s > r : Wg < W^} < sq. 

Since W^ = Wg^, this contradicts property (a) above, and this contradiction completes the proof. □ 

3. Construction of the excursion measure above the minimum 

The main goal of this section is to construct the positive excursion measure Nq. For this construction, 
we will be arguing under the measure Nq. Several properties stated below hold only outside an No- 
negligible set, but we will frequently omit the words Nq a.e. Recall the notation 7/ for the random real 
tree coded by (J)s>o, and Sk(7/) for the skeleton of 7/. If u G 7/ and s > 0 is such that p^{s) = u, 
we already noticed that Wg does not depend on the choice of s, and it will be convenient to write 
Vu = Wg. Then IJ is interpreted as the label or spatial position of u. 

Definition 17. A vertex u G 7/ an excursion debut above the minimum if the following three 
properties hold: 

(1) u G Sk(rc) ; 

(2) Vu = min{14 : v G lp,uj} ; 

(3) u has a strict descendant w such that such that Vy > Vu for all v gJu, u;]]. 
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We write D for the set of all excursion debuts above the minimum. If u ^ D, Vu is called the level of 
the excursion debut u. 

In what follows, except in Section [SJ we will be interested only in excursions above the minimum, 
and for this reason we will say excursion debut instead of excursion debut above the minimum. By 
definition, excursion debuts belong to the skeleton of 7^. Clearly, Nq a.e., the root p is not an 

excursion debut (it is easy to see that property (3) fails for u = p) and we have 14 < 0 for every 

u £ D. Furthermore, the quantities Vu,u G D are pairwise distinct, Nq a.e., as a consequence of the 
fact that local minima of Brownian paths are a.s. distinct (this fact implies that two local minima of 
labels that correspond to disjoint segments of the tree 7( must be distinct). 

Lemma 18 . Nq a.e., no branching point is an excursion debut. 

Proof. Any branching point can be represented as P({r), where r G (s, t) and Cr = min{4' ■ s < P < t}, 
for rationals s and t such that 0 < s < t < cr. Then, for any strict descendant w of P({r), the 
historical path of w coincides either with Wg or with Wt, up to a time (strictly) greater than 4- Since, 
conditionally on the lifetime process 4 Wg is just a Brownian path over the time interval [0,4]) h 

must take values smaller than V14(4) immediately after time 4: S'-S-) and the same holds for Wt. We 

conclude that P(^{r) is a.s. not an excursion debut, and by varying s and t we get the desired result 
outside a countable union of negligible sets. □ 

Let u be an excursion debut. We set 

Cu = {w £ Ti; : u w and 14 > 14 : Pv g]u, tc[}, 

where we recall that the notation v -< w means that v is an ancestor of w. Note that u £ Cu and that 
saying that u is an excursion debut implies that Cu p {n}. We have clearly 14) > 14 for every w £ Cu. 
Also, w £ Cu, then w' £ Cu for every w' £ [u, tc[. 

Lemma 19 . Nq a.e., for every u £ D, the set Cu is a closed subset ofT( and its interior is 
(14) ^(4-4 = {w£Cu-.Vu,> Vu}. 

Proof. The fact that Cu is closed is easy: If (wn) is a sequence in Cu that converges to w for the metric 
of 7(, then we have u ~< w and the “interval” Ju, tc[[ is contained in the union of the intervals Ju, rcni- 
To verify (flT)) . first note that the set {w £ Cu '■ Vu, > 14} is open (if w belongs to this set and if w' 
is sufficiently close to w, then w' is still a descendant of u and 14 > 14 for all v gJu, tc']]). 

We also need to check that, \i w £ Cu and Vu, = Vu, then w does not belong to the interior of 
Cu. Consider first the case w = u. Letting si be the first time such that P((s) = u, the fact that u 
belongs to the interior of Cu would imply that Wg > 114 i = 14 for all s > si sufficiently close to si. 
But then si would a point of (right) increase for both C, and W, and by Lemma 2.2 in [22] we know 
that this cannot occur. Suppose then that w £ Cu, Vu, = Vu and w p u. Let s £ (0, u) such that 
Pc_{s) = w. Then property (ii) of Lemma fTHl holds, and thus property (i) of the same lemma cannot 
hold. This shows that, for any neighborhood AA of tc we can find w' £ M such that 14;' < 14 and 
therefore w' ^ Cu. □ 

Proposition 20. Nq a.e., the sets Int(C'u), when u varies in D, are exactly the connected components 
of the open set {w £T( : Vu, > min{14 '■ v ^\p, ri'l}}- 

Proof. If tc G 7^ is such that 14; > min{14 : v £ [p, re]}, then w £ Int(C'u), where u is the (unique) 
ancestor of w such that 14 = min{14 : v £ [p, tc]}. This shows that {w £ T(^ '. Vu, > min{14 : v £ 
[p, tc]}} is the union of all sets Int(C'tj), when u varies in D. Then, if u £ D and w and w' are two 
vertices in Int(Cu), their last common ancestor also belongs to Int(C'tj) (because u is not a branching 
point, by Lemma fTS|l . and the whole interval |tc,t(;']| is contained in Int(Cu). It follows that, for every 
u £ D, the set Int(C'u) is connected. Finally, if u and u' are two distinct vertices in D, the sets 
Int(C'„) and Int(C'„/) are disjoint. To see this, argue by contradiction and suppose that there exists 
V £ Int(C'u) n Int(C'.u/), then u and u' are both ancestors of v, hence u is an ancestor of u' (or u' is 
an ancestor of u). However, the properties u < u' < v and v £ Int(C„) imply that 14/ > 14, which 
contradicts property (2) in the definition of an excursion debut. □ 

Remark. A minor modification of the end of the proof shows in fact that the sets Cu, u £ D are 
pairwise disjoint, which is slightly stronger. 

The last proposition implies that the set D is countable, which can also be seen directly. 
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Definition 21. If u is an excursion debut, we set 

Mu := sup{K -Vu'.ve Cu} > 0 

and we call Mu the height of the excursion debut u. For every 5 > t), we set Ds '■= {u £ D : Mu > 
Lemma 22. Let (5 > 0. The set Ds is finite No a.e. 

Proof. By a uniform continuity argument, there exists a (random) y > 0 such that, for every v,v' E 7^, 
the condition u') < y implies |14 —^'| < d. Then let u E Ds, and let u E such that Vu — Vu > d. 
We claim that the ball of radius y/2 centered at u in 7^, which we denote by (u, y/2), is contained 
in Int(C'u). If the claim holds, the result of the lemma follows since the sets Int(C'u) are disjoint when u 
varies (Proposition [JO]), and there can be only finitely many values of v such that the balls xjT) 

are disjoint. 

To verify our claim, we first note that we must have dc^iu, u) > y by our choice of y, and it follows 
that the ball Bd^{v,xl‘^) is contained in the set of descendants of u. Next, if v' E Bd^(u,y/2), we 
have, for every w £ \v,v'\, Vu, >Vu — d > 14, showing that v' £ Int(C'M) since |u, u'J C [u, uj U |u,u']]. 
This gives our claim and completes the proof. □ 


Let u be an excursion debut. Since u £ Sk(7^) and u is not a branching point, there are two 
uniquely defined times 0 < si < S 2 < cr such that Pc_{si) = P({s 2 ) = u. Note that II4j = Ws 2 = 14 
and Csj = Cs 2 = d(^[p,u). We then define a random snake trajectory £ Sq as the image under 

the translation K-Vu of the subtrajectory of ur associated with the interval [si,S 2 ] (recall that the 
latter subtrajectory corresponds to the spatial displacements of the descendants of u). Note that 
lT^“i has duration = S 2 — si. Alternatively, the tree-like path corresponding to is 

(C(si+s)as 2 “Csi, definition of D, each of the paths for 0 < s < S 2 -si, 

stays strictly above 0 during a small interval (0,(1), for some d > 0. We are in fact not interested in 
the behavior of these paths after they return to 0 (if they do) and, for this reason, we introduce the 
truncation of at 0, 

;= tro(lT(“)), 

with the notation introduced in Section 12.21 We also write for the lifetime of Ws'^\ for every s > 0. 
For every s £ (0, the path starts from 0, stays positive during the interval (0, and 

may or may not return to 0 at time 

It follows from our definitions that the paths Ws^\ 0 < s < cr(IF^“^), correspond to the historical 
paths after time dc_{p,u) of all vertices v £ Cu, provided these paths are shifted by —14 so that they 
start from 0. In particular, MfW^'^l) = Mu is the height of the excursion debut u. We sometimes call 
IT^“) the excursion above the minimum starting from u. 

Before stating the main theorem of this section, we introduce one more piece of notation. On the 
canonical space S, we let W = tro(IF) stand for the truncation at 0 of the canonical process (B4)s>o- 


Theorem 23. There exists a a-finite measure denoted by on the space S, which is supported on 
So, such that for every nonnegative measurable function <1> on M+ x S, we have 


(15) 



No(da;)$(4w). 


The measure Nq gives finite mass to the set := {u £ S : ||a;|| > d}, for every d > 0. Moreover, 
if G is a bounded continuous real function on S, and if there exists d > 0 such that G vanishes on 
, we have 

(16) limlN,(G(W)) =N5(G). 


The proof of Theorem [23] relies on an important technical lemma, which we state after introducing 
some notation. We consider a fixed sequence (en)n>i of positive real numbers converging to 0. We let 
e be an element of this sequence, then for every lv £ So and for every integer A: > 1, we let be 

the point measure of excursions of u outside {—k£,oo), and we write 




(w) = 


*6/f 


^k,e. 
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By construction, for every i G oj^’^ is a subtrajectory of w, and we write for the corre¬ 

sponding interval. We will also use the notation for oj^’^ translated so that its starting point is e 
and then truncated at level 0: with the notation of Section [221 Wj = tro o K(^k+l)e{‘^i ’^) S 

Recall our notation Za for the total mass of the exit measure from {—a, oo). By the special Markov 
property (Proposition [T2|), we know that the conditional distribution of under No(- | Zke / 0) and 
given Zfcg is that of a Poisson point measure with intensity 

Zke N-fceCO- 

On the other hand we have = 0, Nq a.e. on {Zke = 0}. 


Lemma 24. The following properties hold No a.e. Let u ^ D, and let < si < S 2 < o' he determined 
by Pc_{si) = Pc_{s 2 ) = u- Then, for every sufficiently small e in the sequence {en)n>i, if ku,e > 1 is the 
integer determined by —{ku,e + l)e < 14 < —ku,e£; there exists a unique index iu,e & Ikue such that 


(si,S2)c(r. , 




and we have 

as e ^ 0 along the sequence (en)n>i- 








Remark. The convergence in the last assertion of the lemma holds in S, noting that 1T4) g whereas 


Cd. 




E Sp. 


Proof. Note that a priori we could have ku,s = 0; but this does not occur for e small enough since 
14 < 0. Then the index iu^^ is determined by the fact that the excursion corresponds to the 

descendants of the first ancestor of u at spatial position —ku,e^. More specifically, the index i^^^ is 
determined by 


(17) 




sup{s < Si : Cs < T-ku,ee{Wsi)} 


where we recall the notation ra(w) = inf{t > 0 : w(t) = a}. Since the image under of the interval 
^ corresponds to descendants of an ancestor of u, the inclusion 


(si,S2) C (r.^; ) 


is immediate. For the last property of the lemma, we first verify that 


(18) 


ku,£,e 


Si 




S2 


as e —>■ 0 along the sequence (en)n>i- 

To this end, let s be such that 0 < s < si, and observe that we have then 


inf Cr < Csi 

re[s,si] 


(otherwise u would be a branching point). On the other hand, for any 7 > 0, there exists y > 0 such 
that Wsj^{t) > Pii + X if 0 < t < Csi — 7 (by property ( 2 ) of the definition of an excursion debut, 
and the fact that a Brownian path cannot have two local minima at the same level). It follows that 
r-fc„_^£(114i) —> Csi as e — 0 , and together with (fTTjl the preceding observations imply that rT’®’ > s 

k S m 

for e small enough, giving the desired convergence rT’^’ —^ si. The proof of the other convergence 
k € 

^iu T —^ i® analogous. 

Once we have obtained the convergences m, we deduce the last assertion of the lemma from 
Lemma □21 With the notation of this lemma, we take tv' = 1T^“^ and , where we 

write kn = ku^en = iu,en to simplify notation. We also take 5n = —{kn + l)£n — Tu € (—en,0). 

The conclusion of the lemma then yields the fact that converges to tro(w') = 1 T 4 ). This is 

the result we need since one easily checks that tr 5 ^(a;("')) coincides with translated by 5n. We 

still need to verify that assumptions (i)-(iii) of Lemma [T2] hold with our choice of ui'. Assumptions 
(i) and (ii) hold by the definition of an excursion debut. Assumption (iii) holds because otherwise 
this would mean that there are two distinct local minimum times corresponding to the same local 
minimum of a path II 4 , which is impossible. This completes the proof of the last assertion of the 
lemma. □ 
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Proof of Theorem E3- In order to prove the first part of the theorem, it is enough to construct the 
a-finite measure Ng such that the identity (1151) holds whenever w) = g{i) G{uj), where g and G are 
nonnegative measurable functions defined on M and on S respectively. We fix two such functions g and 
G, and, in a first step, we assume that both g and G are bounded and continuous and take nonnegative 
values. Moreover, we assume that g is nontrivial and is supported on a compact subinterval of (— 00 , 0), 
and that there exists 5 > 0 such that G{oj) = 0 if w ^ The functions G and g will be fixed until 
the last lines of the proof, where we explain how to get rid of the extra assumptions on G and g. 

By our assumptions on G, the quantity G(IT^“^) is zero if u ^ and a fortiori if tt ^ D^i 2 - Since 
D^j2 is a.e. finite lLemma l22l) we get, using the notation and the conclusion of Lemma [Ml 

^ff(K)G(wW)= ^ 5(K)G(wW) = lim ^ g{-eku,,)G{u:\:f\ 

uGD u^D§j2 u£D^j2 

No a.e. (here and in the remaining part of the proof, we consider only values of e in the sequence 
(£n)n>ij even if this is not mentioned explicitly). We next observe that we have 

00 

(19) Y. 9{-eku,e)G{ujlf'f) = YY 9{-ek) G(chf’^) 

u&Ds/2 ’ k=i iell 

for e small enough, No a.e. To see this, suppose that e < 5/2, and fix A: > 1 and i € If,. If G(cuf’^) 7 ^ 0, 
there exists a real s > 0 such that the path Ws{Cj^’^) hits level 5. This also means that there exists 
a real s' > 0 such that the path hits —{k + l)e + 5 before hitting —{k + l)e, and we can 

take the smallest such real s'. Let s" such that coincides with truncated at the 

(unique) time where it reaches its minimum before hitting —{k + l)e + 5 (in the tree coded by C(<^f’^)j 
s" corresponds to the unique ancestor with minimal spatial position of the vertex s'). Then it follows 
from our definitions that u := P({rf’^ + s") is an excursion debut, with ku,e = k and iu,e = * by 
construction, and the height of u is at least 5 — e > 5/2, so that u € £* 5/2 • Thus any (nonzero) term 
appearing in the right-hand side of (11^]) also appears, at least once, in the left-hand side. To complete 
the proof of (|19|) . we must still verify that, for s small enough, no (nonzero) term in the right-hand 
side appears twice in the left-hand side. But this follows from the fact that the values of Vu for u ^ D 
are all distinct: since £* 5/2 is finite, for e small enough, there cannot be two distinct elements u, u' of 
D 5/2 such that Vu and 14 / lie in the same interval (—(fc -|- l)e, —fee). 

From the preceding considerations, we get that 

CX) 

^ ff(K)G(wH) = hmj] ^ ff(-efe)G((hf’^), 
u^D k=l 

No a.e. We then notice that we can fix x > 0 such that g{x) = 0 if x > —x, and restrict our attention 
to the set {VF* < —x}) which has finite No-measure. The next step is to deduce from the preceding 
convergence that we have also 


( 20 ) 


No E ff(K)G(wW) = limNo E 5: ff(-efe)G(:hf’^ 
\u&D J ^ \k=li&Il 


For this, some uniform integrability is needed. For every integer fe > 1, set 


4 — Y 




Recalling our assumptions on g and G, we see that in order to deduce ([20]) from the preceding 
convergence, it suffices to verify that, for p E (1,3/2), and for every A> x-, 

' VA/e\ 

Y 

.k=\x/e\+l 


( 21 ) 


No 


P-\ 


nl 


is bounded independently of e. By the special Markov property (Proposition I13p . conditionally on the 
cr-field gVke,oo) ^ nf is Poisson with intensity c^^sZke, where = Ne(||I^|| > <^)- In particular, 





^£^6 ^ke 
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and 


-^1 := ~ ^£.<5 ^ ^ Lx/eJ 

i=Lx/£j+i 

is a martingale with respect to the filtration “ note that, by the constrnction of 

the truncated excursions , n| is f *'“^^'’'^)''’°°^-measurable. The discrete Burkholder-Davis-Gundy 
inequalities (see e.g. m Theoreme 5]) now give, for p G (1, 3/2) and for some constant Kfj,-) depending 
only on p, 

r/ VA/e\ xP/2- 

(22) No(|Aft^/,j r) < iX(p) No E {M] - M^f 

LVj=[x/£j+l / 

/ r LA/£j nxP/2 

< iX(p) No(M, < No E (-^i - 

Lj=lx/£l+l 

p/2 


= iX(p) No(M, < ( No 

= iX(,) No(M, < -xf-^'^ 4' (L^/eJ - [x/e\ 


( 

r [A/e\ n 

(No 

E 

-i=lx/ej+l 


using Jensen’s inequality (with respect to the probability measure No(- | W* < —x)) in the second 
line, and in the last line the fact that No(.^r) = 1 for every r > 0 (see (fTOjl l. 

Then observe that 


= N,(||1T|| > J) = N,(M(1T) > J) = N,((Z(0’'5), ^ > 0), 

where the third equality follows from the special Markov property (Proposition I13D . It follows from 
formula (9) in |24l Section 4], together with a monotonicity argument, that 

(23) lime"^Ce,5 = Co 

£^0 

where co is a positive constant (made explicit in Lemma [52] below). In particular, there exists a 
constant C 5 < oo such that e for every e < 5/2. From (I55|) . we then get that the quantities 

No(|AI^^^^j 1^) are uniformly bounded when e < 5/2. Finally, we write 

LA/£j lA/e\ 

n| = ^ Zke 

fc=lx/£l+l fc=lx/£l+l 

and we use again the bound ^ cs £ together with the fact that the random variables 0 < a < ^ 
are bounded in LP(No) when 1 < p < 3/2 (Lemma I15p . This gives us the desired bound for the 
quantities in ([5T]) . and justifies the passage to the limit under the integral in (I5n]l ~ incidentally this 
also shows that the left-hand side of (I2()p is a finite quantity. 

We then use the special Markov property once again to obtain 


M Y.Y.9i-ek)G{Coyy =J2g{-ek)No{Z_MG{W))) = //(-cA:) N,(G(IT)), 


, k=i i&ii 


k=l 


. k=l 


where the last equality holds because No(^-fe£) = 1, by (fTO]) . Now note that 

/■O 




k=l 


£—^0 J _p 


g{x) dx, 


and so we deduce from (l 2 n]l and the preceding two displays that 

1 J 


e-'N,(G(IT)) Kg 

e—^O 


where the limit Kg < 00 is such that 



ueD 


rO 

Kg / g{x)dx. 
J — 00 
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We now set, for every measurable subset F oi S, 


(24) 


NS(F) := 


/°oo 9{x) dx 


This defines a positive measure on S, which is supported on So since E 5o for every u ^ D. 

Furthermore, we have 

%{G) =Kg<oo. 

Noting that the definition (1241) of Nq does not involve the choice of G, this implies that the sets 
have a finite Nq -measure. Since it is clear that NgdlwH = 0) = 0, we get that Nq is fi-finite. 
Furthermore, we have also 

NS(G) = lim£-iN,(G(W)), 

which gives m for the function G we had fixed, and then also for any function G satisfying the same 
assumptions, since (fM)l does not depend on the choice of G (note that we considered a fixed sequence 
of values of e, but the same would hold for any such sequence). 

Finally, the last display shows that Nq does not depend on the choice of g, since a measure on S 
supported on 5o and which is finite on the sets and puts no mass on {uo : ||a;|| = 0} is determined 
by its values against functions G satisfying the assumptions of the beginning of the proof. By (IMD . 
formula (jl5p holds if <!>(£, cu) = g{i)G{uj), when G is an indicator function and the function g satisfies 
the previous assumptions. By standard monotone class arguments, it holds when <h(£,a;) = g{i)G{u}), 
for any nonnegative measurable functions g and G. This completes the proof. □ 


Recall the notation M{oj) = sup{a;s(t) : s > 0,0 < s < Cs}- We also set 

M = M{W) = sup{VF,(t) : s > 0, t < G A ro*(W,)}. 

We can derive the distribution of M under Nq. 

Lemma 25. For every 5 > 0, we have 

Wq{M > 6) = co6-\ 

where the constant cq is given by 

co = dn-^/^T{\fvC-f. 

3 D 

Proof. By (^5)) . we have 

(25) lim e"^Ne(M >(5) = cq 

£—>0 

and the value of the constant cq is determined in m Section 4]. On the other hand, we know that 

N5(G) = lime-H(G'(W)), 

for any bounded continuous function G vanishing on the complement of for some x > 0. Noting 
that the limit in (j25p depends continuously on 5, we can approximate the indicator function of the set 
{M > d} by such functions G, and obtain 

No(M >(i) = lim e-^NeiM > 6) = cq 5"^. 

This completes the proof. □ 


We may now restate the last assertion of Theorem [23] in a way more suitable for our applications. 


Corollary 26. Let 5 > 0. As e ^ 0, the law of W under N£(- \ M > 5) eonverges weakly to 
NS(- \ M>5). 

Proof. Let G be bounded and continuous on S and such that G{uj) = 0 if a; ^ Then, for e E (0, (5), 

N,(G(W)) ^ NS(G) 


n,(g(w) 


M>6] = 


NeiM > 6) Wq{M > 6) 

using (USD, dSSI), and Lemma 1251 The desired result follows. 


n5(g|m > 5 ), 


□ 
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We conclude this section by deriving a useful scaling property of Ng. For A > 0, for every a; E 5, 
we define 9\{lo) E S by 9\{co) = lo', with 

, for s > 0, 0 < t < Cs = AQa 2 . 

Note that, for every x > 0, 0a(N a,) = AN^yy. The measure Ng enjoys a similar scaling property. 
Lemma 27. For every A > 0, 0a(Nq) ~ A^/^Ng. 

Proof. Let G be a function on S satisfying the conditions required for (I16|) . Then, 

N5(G) = lim e-^NeiG{W)) 
e^O 

= hme-^X-%^^{G{9x{W))) 

= limA-3/2 X (e/A/A)-iN^/^(G(0A(W))) 

= A-3/2 n*Q{Go9x) 

giving the desired result. □ 

4. The re-rooting representation 


In this section, we provide a formula connecting the measures No and Ng via a re-rooting technique. 
We first need to introduce some notation. 

Recall the re-rooting operator Rg from Section [221 For every io E Sq, for every s E [0, cr(u;)], we set 


wW(w) = K_ 


Wsiuj) 


Rsicv). 


In other words, is just uo re-rooted at s and then shifted so that the spatial position of the 

root is again 0. Note that we slightly abuse notation here because it would have been more consistent 
with the notation of Section 12.21 to take IFW(a;) = Rs{u}). 

Theorem 28. For every nonnegative measurable function G on S, the following equality holds. 


N^ 


^"drG(wM)) =2 No d6G(tr_b(W))Z;, 


where we recall that stands for the total mass of the exit measure outside (—5, oo). 

Proof. We start from the re-rooting theorem in [281 Theorem 2.3]. For every nonnegative measurable 
function F on M_|_ x S, 

(26) No ds F{s, = No ds F{s, W) 

We apply this result to a function F of the form 

F{s,U}) = G{tT^_^{uj)) g{^_g - LOa-s), 

where we recall the notation w = min{w(f) : 0 < t < C(w)}) we suppose that G and g satisfy the 
assumptions stated at the beginning of the proof of Theorem 1231 and the additional assumption that 
there exists a constant K > 0 such that G{oj) = 0 if ||cu|| > K. We note that our definitions give under 
No, 

Consequently, we have 

F{s, WH) = G(tiv^_^^(wW)) g{Wg). 

We can then decompose the integral 

r ds F{s,W^^^) 

Jo 

as a sum over the sets {s E [0, u] : P({s) E Gu} where u varies over D. These sets cover [0, a] (except 
for a Lebesgue negligible subset) and they are pairwise disjoint. Furthermore, if u E D, it follows from 
our definitions that we have = 14 for every s E [0, a] such that p^(s) E Gu, and 


I {se[0,(T]:Pc(®)sC'<*} 


dsG(tr^ _^(wH))=/7(wW), 
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where 


Hiu;) = 


7{UJ) 


drG(TyM(w)). 


Summarizing, the left-hand side of (12611 is equal to 

(27) NoIy. \ = ( j\{x)^x) nl{H) 


s u£D 


by Theorem [231 

On the other hand, the right-hand side of (|26|) is equal to 

No ( £ ds G{tvw^ {W))g{W,- IT, 

We can evaluate this quantity via a discrete approximation. Using Lemma [TTl we have No a.e. 

[\sG{tvwSW))gm - = Jim rdsg{W, - W,) f] l{wM-ik+i)/n,-k/n]} G(tr_,/„(W)), 

and we note that, if g is supported on [—A, 0], the quantities in the right-hand side are bounded 
independently of n > 1 by a constant times 

The point is that if s G [0, n] is such that < —K — 1, then the unique integer k such that 
W_g G {—{k + l)/n, —k/n] also satisfies —k/n < —K and we have G(tr_fc/„(TU)) = 0 by our assumption 
on G. The quantity in the last display is integrable under No as a simple application of the first-moment 
formula for the Brownian snake ([B]). This makes it possible to use dominated convergence and to get 
that 


(28) 


No 


dsG{tTw(W))giW,-W, 


OO 

- Ws) l{w^^^-{k+l)/n-k/n]}G{tl_k/n{W))y 

k=l 


Then, for every integer A: > 1, an application of the special Markov property (note that G(tr_fc/„(1U)) 
is £^^“*'/”’’°°)-measurable by the very definition of this cr-field) gives 


No ( / ^.55^(1^^ f^s) (fc+D/n.—fc/n]t fc/n(^^)) 


No I fc/n(^^)) / ds g{Wg fU 


— No(-^fc/n G{tT_kin{W))) X N_fc/„(^ ds l{]E„>-(A:+l)/n} 9 {W-s ~ s) 

= No(^fc/n G(tr_fc/n(^))) ^-k/n [ / dt l{min{s,:0<r<t}>-(fc+i)/n} 5 (min{Br : 0 < r < t} - B*) 

= -( [ dxg{x)) No(Zfc/„G(tr_fc/„(lU))), 

using again the first-moment formula for the Brownian snake ([BD in the third equality, and in the last 
one the property 

roo /*0 


Eo 


dt l{min{s,:0<r<t}>-£} c/(min{B^ : 0 < r < t} - Bi) = 2e / dxg{x), 


which holds for every e > 0, by direct calculations since the law of {Bt, minjBj. : 0 < r < t}) is known 
explicitly (or via a simple application of standard excursion theory). From (I28p . we then deduce that 

rO 

Nof ' 


a (j 2 

dsG(tr^d^))ff(ii^s “ ( J dxg{x)^ No(2'fc/„ G(tr_fc/„(TU))) 

a O /*oo 

dxc/(x)) No(y^ d62'f,G(tr_fe(fU))), 


= 2 
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where the last equality is justified by Lemma [TT] together with our assumptions on G and the inte- 
grablity properties of the exit measure process Z that were already used in the proof of Theorem 

[231 

Finally, the equality between the right-hand side of the last display and the right-hand side of (1271) 
gives the identity of the theorem under our special assumptions on G. However, since both sides of 
this identity define ct- finite measures (which are finite on sets of the form {(5 < ||a;|| < K}), the fact 
that these measures take the same values on the particular functions G considered in the proof implies 
that they are equal. □ 


5. An almost SURE construction 

In this section, we fix 5 >0 and we give an almost sure construction of a snake trajectory distributed 
according to N5(- \ M > 6). This construction will be useful later when we discuss exit measures. 

Let 0 < e < e' < d, and let be a random snake trajectory distributed according to N£(- | M > d). 
Consider the excursions of outside the interval (0, s'). The conditioning on {M > 5} implies that 

there is at least one such excursion uj' starting from e' and such that M{u}') > 5. Furthermore, if 
we pick uniformly at random one of the excursions oj' starting from s' that satisfy M{oj') > 6, the 
special Markov property (Proposition [T3ll ensures that this excursion will be distributed according 
to Ne/(- I M > 6). For w S 5^ such that M{co) > 6, let 0£_£/(a;,dw') be the probability measure on 
S^i defined as the law of an excursion of a; outside (0, e') chosen uniformly at random among those 
excursions that satisfy M > 6. Then, the preceding considerations show that the second marginal of 
the probability measure defined on Si; x S;/ by 

n£^£/(da; do;') = Ne(da; \ M > 6) ©^^^/(a;, dcu') 

is N£/(- \ M>5). 

Now let {£n)n>i be a sequence of positive reals in (0,5) decreasing to 0. We claim that we can 
construct, on a suitable probability space, a sequence of random variables with values in 

S such that the following holds: 

(i) For every n > 1, is distributed according to Ne„(- \ M > 5). 

(ii) For every 1 < n < m, is an excursion of outside (O,^^)- 

Indeed, we use the Kolmogorov extension theorem to construct the sequence (IF'^’^")„>i so that, for 
every n > 1, the law of (VF*^’^", IF'^’^"“F • • • i VF'^’^^) is 

I ^ ^ ©enjEn-l l)®£n-l,eri-2 1) — 2 ) • • • 0e2,£l (^2) d(Ul) 

and properties (i) and (ii) hold by construction. 

For every n > 1, set = tro(kF'^’^"), and let Un = cr(IF'^’^") be the duration of Clearly, 

it is still true that, for 1 < n < m, is an excursion of IF'^’^™- outside (0,e,i). Therefore, for every 

1 < n < m, is a subtrajectory of IF'^’'^’" and we write [an,m,bn,m] C [0,am] for the associated 

interval. Note that bn,m — o,n,m = Furthermore, if 1 < n < m < £, we have [an/, bn/] C [am/, bm/], 
and more precisely 

(29) an/ — an^m F am/ , 

(30) (T£ bn/ — (o'm ^n,m) F {cTi bm/) ■ 

In particular, for n fixed, the sequence {an,m)m>n is increasing, and we denote its limit by an ,00 (the 
fact that this limit is finite will be obtained at the beginning of the proof of the next proposition). 

Proposition 29. We have a.s. 

n^oo 

where the a.s. limit is distributed according to No(- \ M >6). Furthermore, IF'^’'"’* is a subtrajec¬ 
tory of W^’^, for every n > 1, and cj(IF‘^’^’*) f a{W^’^) as n ^ 00 . 

Proof. By Corollary 1261 we already know that the sequence (IF'^’^")n>i converges in distribution to 
No(- I M > d), and in particular = cj(IF‘^’*^’*) converges in distribution to the law of a under 
No(- \ M > 5). On the other hand, the sequence (cr„)„>i is increasing and thus has an a.s. limit (Too. 
We conclude that cioo is distributed as a under No(- \ M > 5), and in particular, cjoo < 00 a.s. 

Since an,m < — (Jn ii n < m, we obtain that, for every n, 

On ,00 F (Too Ojj. 
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It follows that 


(31) lim On 00 = 0, a.s. 

n—>oo ’ 

Then, for every fixed n, bn,m = CLn,m + <7n converges as m t oo to 6n,oo = On,oo + <7n, and, by letting i 
tend to oo in (EUll and (IHH)) . we get, for n < m, 


(32) 


Ctfi.ciCi — Q-n 


-|- d' 


771,00 1 


^oo ^n,oo — (*^cxD bm,oo') {^m ^n,m) • 


Set Cs ~ simplify notation. By the definition of subtrajectories we know that 

^s,e„ — if n m. We claim that we have a.s. 

’(.an,m + s}A6n,m 


(33) lim ( sup ( sup ) ] = 0 

^^^\yn>n^0<s<ar.,m V 

To verify this claim, first observe that, if n < n' < m, we have 

sup Cp”* < sup Cp”" 

^<S<a^l,^ 0<s<an,m 

because an',m < On,m- It then follows that the supremum over m > n in (1551) is a decreasing function of 
n, and so the limit in the left-hand side of (1331) exists a.s. as a decreasing limit. Call L this limit. We 
argue by contradiction assuming that P{L > 0) > 0. Then we choose ^ > 0 such that P{L > ^) > 0, 
and we note that, on the event {L > ^}, we can find a sequence ni < mi < n 2 < m 2 < • • •, such that, 
for every i = 1, 2,..., we have 

sup Cs > C 

, 771 ^ 

It then follows that, on the same event {L > of positive probability, for any integer A: > 1, and for 
every large enough n, there exist k disjoint intervals [ri, si],..., [r^, s^] such that Qf" — ^ for 

every 1 < i < A. The latter property contradicts the tightness of the sequence of the laws of in 

S, and this contradiction proves our claim (pT?]) . 

By the same argument, we have also 


(34) 


lim sup ( 

n—>oo y rn>n ^ 


sup c; 

,<s<cr. 


5,En 


= 0 . 


We can now use and dMI) to verify that iQ'^”)s>o converges uniformly as n ^ 00 , a.s. To this 
end, we define 


0 


/^(n) _ ) ^S,en 
Ss A Ss —a-n 


Recalling the formula -\-s)Ab ~ using we get for n < m, 


if ■S ^ *^n,oo; 

if ^ 71,00 — ^ — ^ri,CXD; 

if s > 6^ 


^71,00' 


supic^)-ci™^i < sup cy-+ sup 


and the right-hand side tends to 0 a.s. as n and m tend to 00 with n < m, by (131 and (I34p . This 
gives the a.s. uniform convergence of (ci"^^)s>o as n —>■ 00 . Write (Cy)s>o for the limit. The a.s. 
uniform convergence of (Cy")s>o toward the same limit (Cy)s>o then follows using now (|31D . and we 
have also sup{s > 0 : > 0} = it„ —(Too = sup{s > 0 : > 0} as n ^ 00 . 

Let stand for the endpoint of the path Very similar arguments show that the analogs 

of (|33|) and ([51 where is replaced by Ty’" hold, and it follows that (ry")s>o also converges 
uniformly to a limit denoted by (ry)s>o, a.s. The pair T*^’^) is then a random tree-like path, and 
letting be the associated snake trajectory, we have obtained that converges a.s. to W^’^. 

Since we know that converges in distribution to N^- | M > <5), is distributed according to 

Woi- I M > 5). 

Finally, it follows from our construction that, for every n > I, is the subtrajectory of 

associated with the interval [an, 00 , bn, 00 ], and the property t is just the fact that 

(Tn t n'oo- This completes the proof. □ 
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6. The exit measure 


We now define the exit measure from (0,oo) under Nq. Informally, this exit measure corresponds 
to the quantity of snake trajectories that return to 0. 

Proposition 30. The limit 


lim e ^ 

£—^0 , 


ds 1, 


'-{Ws<e} 

exists in probability under Nq{- \ a > x), for every x > 0, and defines a finite random variable denoted 
by Z*o. 

Proof. We rely on the re-rooting property of Section 01 Let (en)n>i be a sequence of positive reals 
converging to 0. Recalling Lemma fT^ and the subsequent remarks, we can extract from the sequence 
(en)n>i a subsequence {fin)n>i such that, for every b < 0, 


(35) 


Zb = lim /3, 


-2 


ds 1 


{(:s<T-i(Ws),Ws<-b+M ’ 


No a.e. 


Then, for w € 5, we set G'(w) = 0 if the limit 

lim fi] 




ds 1 





exists (and is finite), and G{u:) = 1 otherwise. By we have G(tr_;,(IT)) = 0, Nq a.e. on the event 
{B4 < —b} = {Zb > 0}, for every 6 > 0. By Theorem [2H1 we have then 

dsG(ITW)^ = 0. 

We have thus obtained that Nq a.e., for Lebesgue a.e. r G [0,(t], G(ITM) = 0. By considering just 
one value of r for which G(1TM) = 0, this says that the convergence of the proposition holds Nq a.e. 
along the sequence (/Sn)n>i- We have thus shown that from any sequence of positive real numbers 
converging to 0 we can extract a subsequence along which the convergence of the proposition holds 
Nq a.e. The statement of the proposition follows. □ 

Recall from Section 03] that we have fixed a sequence {an)n>i such that (fTTIl holds. We then define 
Zq{uj) for every w G 5, by setting 


Zq (ca) = lim inf a ^ / ds : 


I -^{IL4tJ)<ly,(a;)+a„}• 

By the argument we have just given in the proof of Proposition 1501 the liminf is a limit Nq a.e. In 
what follows, we will be concerned by the values of Zq{(jj) under Nq, and we note that the quantity 
in can be replaced by 0, Nq a.e., so that is consistent with Proposition [SD] 

Our next goal is to compute the joint distribution of the pair (Zq, a) under N^. 

Proposition 31. The distribution of the pair (ZQ,cr) under Nq has a density f given for z > 0 and 
s > 0 by 

In partieular, the respeetive densities g of Zq and h of a under Nq are given by 


9{z) = 


= JjL,-5/2 


Z > 


and 


h{s) = ^2-^/^r(3/4)s-^/^, s > 0. 

ZTT 


Proof. We fix A > 0 and ^ > 0, and compute 

Nq^ct exp(—AZ q — . 

Recalling and using Lemma 113 we get that ZQ(tr_fe(IT)) = Zb, Nq a.e. on {Zb > 0}, for every 
6 > 0. Hence, by applying Theorem 051 to the function G{uj) = exp(—AZQ(a;) — pLa{u:)), we obtain 

NS (a exp(-AZ(; - per)) = d6No(Zbexp(-AZfe - /iTb)) 
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with the notation 

yt — ds 
0 

(note that 3^^ = iT(tr_b(Ty)), No a.e.). Set 

ux,i,{b) = No(l - exp(-AZfe - 

and note that 

= No(^bexp(-AZb - fiyb)y 
The quantity ux^^{b) is computed explicitly in 0 Lemma 4.5]: If A < 


+ tanh ^ 


2 ’ 


r. 


( ( 
tanh^ 



^ V 




and a similar formula holds if A > From this explicit formula, in the case A < one gets 


=-f‘^A,itanh I (2/i)^/^6 + tanh ^ ^ ^ 
+ tanh“^ 


where 


X cosh^ 






M,Ta. 


- 1/2 


3 \^‘ y /I y \ 3 3y /x^ 

By integrating the last formula between b = 0 and b = oo, we arrive at 

oo /*oo I o 

dbf^o(^Zbexp{-XZb - ^yb)) = db—ux,ij.{b) = 2 V 2 

Similar calculations give the same result when A > (and also in the case A = by a suitable 

passage to the limit). Summarizing, we have proved that, for every A > 0 and /x > 0, 

,-1/2 


n; 


i(o- exp(-AZ(; - /xcj)) = y^(A + 


At this stage, we only need to verify that, with the function / defined in the proposition, we have also 

,- 1/2 


roo roo 1^ , _. 

J J s ex.p{—Xz — jjs) f{z, s) dzds = y-yX + \/^ 


10 Jo 

To see this, first note that, for every 2 ; > 0, 


/*oo , ~2 _ _ 

2 J exp - - fJ-z] ds = 


2s 


by the classical formula for the Laplace transform of a standard linear Brownian motion. The desired 
result easily follows. □ 


We now state a technical result that will be important for our purposes. Let us fix 5 > 0, and, for 
every e € (0,6), write for a random snake trajectory distributed according to Ne(- \ M > 6), 
where we recall the notation M = sup{IF 5 (t) : s > 0, t < Cs A to(IT 5 )}. As usual, write for 
truncated at level 0. By Corollary [2H1 the distribution of converges to No(- | M >6) as e ^ 0. 
The next proposition shows that this convergence holds jointly with that of the exit measures from 
(0,oo). Recall the notation Zf){W^’^) for the (total mass of the) exit measure of from (0,oo). 

Proposition 32. As £ ^ 0, the distribution of the pair (W^’^, Zo(W^’^)) converges weakly to that of 
the pair (IT‘^’°, Zq(IT‘^’°)), where is distributed aecording to No(- \ M > 6). 
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Proof. We may argue along a sequence {Sn)n>i strictly decreasing to 0. To simplify notation, we set 
IT"' = and IT" = IT'^’'"". From Proposition 1291 we may construct (on a suitable probability 

space) the whole sequence (lT"),i>i and the snake trajectory IT'^’*^ in such a way that IT" is an 
excursion of IT™' outside (0,e„) for every n < m, IT" is a subtrajectory of for every n > 1, 
IT" —> in 5 as n —oo, a.s., and moreover cj(lT") f ct(1T‘^’‘^) as n —>■ oo. These properties imply 

that, for every 7 > 0 and every 1 < n < -m, we have 


7(W") 




t(W^) 




r(W^:0) 


ds 1 rTT7-5,0 ^ 1 • 
{Ws’ < 7 } 


If we multiply this inequality by 7 ^ and let 7 tend to 0, we obtain that, for every 1 < n < m, 

Zo(lT") < Zo(lT™) < Zo*(IT'^’°). 

In particular the almost sure increasing limit 

Z'q := lim t ZoiW'^) 

n—>-cxD 

exists and we have Z'q < Zq(IT‘^’*^). The result of the proposition will follow if we can verify that we 
have indeed Z'q = Zq(IT‘^’‘^) a.s. To this end, fix A > 0 and /r > 0. Write E[-] for the expectation on 
the probability space where the sequence (lT"),i>i and are defined. We note that 

(37) i?[exp(—AZg)(l — exp(—;Ucr(IT^’°)))] < liminf Fl[exp(—AZo(IT"))(l — exp(—/icj(IT")))] 


by Fatou’s lemma. We will verify that 

(38) lii^inf i?[exp(—AZo(IT"))(l — exp(—/icj(IT")))] < Fl[exp(—AZo(lT'^’°))(l — exp(—/xcr(IT‘^’°)))]. 

If (niHIl holds, then by combining this with the previous display, we get 

F;[exp(-AZ')(l - exp(-/RT(IT^’0)))] < i?[exp(-AZ(;(IT^’0))(l - exp(-/xa(IT^’0)))], 

and since we already know that Zq < Zq{W^’^), this is only possible if Zq = Zq(W^’^) a.s. 

Let us prove pKli . Since IT" is distributed according to Ne„(- \ M > 6), is distributed according 
to No(- I M > (5), and we know that Ns{M > <5) ~ £Nq{M > 5) as e ^ 0 (see the proof of Lemma 1251) . 
we see that (l38]l is equivalent to 

(39) Iminf ^ ( exp(-AZo)(l - exp(-/iTo)) ^ No(exp(-AZ^)(l - exp(-/icj)) 1{m>S}), 


where we recall that 


To / d-S 
0 


Observe that, for any choice of 7 E (0,5), the argument leading to (lITTll (using also the fact that 

M(IT") converges a.s. to gives 

(40) 

— - exp(-/iTo)) 1{7 <a 7<5}) ^ “ exp(-/icj)) 1 {^<m<S}), 

and by letting 7 tend to 0 , 

1 


lim inf — 

n^oo £„ 


^(exp(-AZo)(l -exp(-^To))l{M<5}) > N5(exp(-AZ(;)(l - exp(-^cj)) 1 {m<5}). 
So if (piUj) fails, we get 

liminf — N£„(exp(-AZo)(l - exp(-/iTo))) > No(exp(-AZd)(l - exp(-^cr))). 

n^oo £„ \ / 


We will prove that we have 
1 

n^oo En 

showing by contradiction that ([5UD and thus also (j38|) hold. 

The right-hand side of (|41|) can be computed from the formula 


—N£„(exp(-AZo)(l - exp(-/iTo))) = Nd(exp(-AZd)(l - exp(-^c 7 ))), 


Nd(o-exp(-AZd -/id)) = y|(A-hx/^) 


- 1/2 
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which was obtained in the proof of Proposition EH We get 

(42) NQ(exp(—AZ q )(1 — exp(—^cj))) = NQ^exp(—AZ q) J dfx'a 

= /!((•'+ - 3A (A + + 2A=/^). 

On the other hand, we have, for every e > 0, 

N£(|exp(-AZo)(l - exp(-/r3^o))) = - exp(-AZo -/i3^o)) -Ne(|l - exp(-AZo)^ 

= u,,,(e)-(^ + e^y\ 

recalling ([U]) and using the notation introduced in the proof of Proposition EH Formula (26) in [S] 
gives 

lim ^ {ux,f,ie) - A) = ^^/A,M(e)|£=o = \/f (^ + (v^ - 2A). 

It follows that 

( exp(-AZo)(l - exp(-^3^o))) = \/f (■^ + iV^ “ 2A) + 2y^ A^/^ 

and one immediately verifies that the right-hand side of the last display coincides with the right-hand 
side of This completes the proof of (jlTD and of the proposition. □ 

In view of our applications, it will be important to define the measure Nq conditioned on a given 
value of the exit measure. This is the goal of the next proposition. Before that, we mention a useful 
scaling property. Recall the definition of the scaling operator 9x at the end of Section El Then for 
every A > 0, we have for every lo G S, 

(43) Z*o9xico) = XZ*{co). 

The proof is easy, recalling from (j36p the definition of Zq (oj) for an arbitrary lo G S and writing 

Zo ° ^A(a;) = liminf a-2 ds \^xw^^^,H<^xw.+a^} 

= ^ “f(a Ja/A)-2 ds l{Ws<W.+ar./VX} 

= XZ*,{u). 

Proposition 33. There exists a unique colleetion (Ng’^) 2 >o of probability measures on S such that: 

(i) ITe have 

(ii) For every z > 0, Nq’^ is supported on {Zq = z}. 

(iii) For every z^z' > 0, Nq’^ = 027 z(No’^). 

We will write = NS(- | ^g = z). 

Proof. Recall from PropositionEHthat the “law” of Zg under Ng is the measure l{ 2 >o} \/3/27r dz, 
which we denote here by ^{dz) to simplify notation. The existence of a collection of probability mea¬ 
sures on S that satisfy both (i) and (ii) in the proposition is a consequence of standard disintegration 
theorems (see e.g. m Chapter III, Paragraphs (70-74)]). Two such collections coincide up to a 
negligible set of values of 2 ;. We need to verify that we can choose this collection so that the additional 
scaling property (iii) also holds (which will imply the stronger uniqueness in the proposition). 
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We start with any measurable collection (Q^) 2 >o of probability measures on S such that the prop¬ 
erties stated in (i) and (ii) hold when (Nq’^)^>o is replaced by (Qz) 2 >o- From Lemma 1271 we get that, 
for every A > 0, 

J OxiQ,) u{dz) = 0a(NS) = A3/2n5 = A3/2 J Q, „(dz). 

From the change of variables z = z'/X in the first integral, we thus get 

J = J Q;.u{dz). 

Using the scaling property we see that the collection (0 a(Q2/a))^>o also satisfy the conditions (i) 
and (ii), and so we get for every fixed A > 0, 

^'aCQz/a) =Qz , dz a.e. 

From Fubini’s theorem, we have then 9x{Qz/\) = dA a.e., dz a.e. At this stage, we can pick zq > 0 
such that the equality 9\{Qzo/x) — Q. 2 o Folds dA a.e., and define Nq’^ := ^ 2 / 20 (*^- 20 ) every 2 ; > 0. 
We have then Nq’^ = Q 2 ) dz a.e., so that (i) holds for the collection (Nq ’^)2 >0. Similarly (ii) holds 
because Q20 is supported on {Zq = zq}, and we use the scaling property (H 5 D . Property (hi) holds by 
construction. 

To get uniqueness, observe that (iii) implies that the mapping 2 ; i-A Nq’^ is continuous for the weak 
convergence of probability measures. The uniqueness is then a simple consequence of this continuous 
dependence and the fact that two collections that satisfy both (i) and (ii) must coincide up to a 
negligible set of values of 2 ;. □ 


7. The excursion process 


For technical reasons in this section, it is preferable to argue under a probability measure rather 
than under Nq. So we fix /3 > 0 , and we argue under the conditional measure := No(- | VF* < —/3). 
We will then consider, under the excursion debuts whose level is smaller than —/3. For every 

6 > 0 , we write uf ,for the excursion debuts with height greater than whose level is smaller 
than —/3, listed in decreasing order of the levels, so that 


JV5 


“jVj-l 


< • • • < 


<-/3. 


Notice that Ng and uf,... depend on the choice of (3, which will remain fixed in the first three 
subsections below (although on a couple of occasions we mention the consequences that one derives 
by letting /3 tend to 0, but this should create no confusion). For every integer z > 1, we also set 


- 14 . if i < Ns, 

i 

00 if i > Ns. 


It is easy to verify that, for every a > 0, the event {Tf < a} belongs to the cr-field (the 

knowledge of gives enough information to recover the excursion debuts - and the corresponding 

heights - such that I 4 > —a). Since {T/ = a} is No-negligible, it follows that T/ is a stopping time of 
the filtration (T^““’°°^)a>0) where, by convention, is the cr-field generated by the No-negligible 

sets. Finally, it will also be useful to write N^ = i^Ds for the total number of excursion debuts with 
height greater than S. 


7.1. The excursions with height greater than 6. Recall the notation for the excursion 

starting at the excursion debut u G D. 


Proposition 34. Let j > 1. Then, under the conditional probability measure Nq^^(- | Ns > j), 
is independent of the a-field generated by (IF^^i),..., and £(~h>°°)^ and is distributed 

according to Ng(- | M >5). 


Important remark. In view of the analogous statement for linear Brownian motion, one might naively 
expect that IU(“i),..., are (independent and) identically distributed under Nq^^(- | Ns > j). 

This is not true as soon as j > 2: The point is that the knowledge of the event {Ns > j} influences 
the distribution of (IF^^i),..., IU*'“r-i^). 
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Proof. The first step of the proof is to determine the law of under Nq^^(- | Ns > 1). We fix two 

bounded nonnegative functions G and g defined respectively on S and on M. We assume that G is 
bounded and continuous on the set {w : M{u}) > (f}, and vanishes outside this set. The function g is 
assumed to be continuous with compact support contained in (—oo,—/3]. 

We retain much of the notation of the proof of Theorem [231 In particular, for every integers n > 1 
and k > 1, we let " be the point measure of excursions of the Brownian snake outside (—oo), 
and we write 

A/fc = ^ ■ 

Recall that, for every atom stands for translated so that its starting point is 2“”' 

and then truncated at level 0. Furthermore, we let stand for the event {Tf > k2--} = {V. < 

—/c2“”}. Finally, we let B G 
We then claim that 


/ OO ^ 

(44) NW(lB9{U,)0(»'G))l,„,>„)=JimNf G(h«^") 


k=l 




In order to verify our claim, we first observe that 

OO 

(«) ^ ^ N<,a.e. 

ie/r" 


To see this, note that if = 0 then, for n large enough, all quantities G{Cjf''^ ) vanish (the point 

is that, if G{u}^’‘^ ) > 0, then the excursion must “contain” an excursion debut with height 

greater than 5 — 2“”’, and no such excursion debut exists when n is large enough, under the condition 
Ns = 0). Then, if iV^ > 1, similar arguments show that, for n large enough, the only nonzero term 
in the sum over k in the left-hand side of corresponds to the integer ko = ko{n) such that 
— {ko + 1)2“"’ < < —/co2“"'. Indeed, we have 1 a„ = 0 if A; > /cq, since A^^k = 

On the other hand, if n is large enough, then, for k < ko, the quantities G{Cj^'‘^ ), i G ", vanish 

by the same argument as used above in the case Ns = 0, recalling that G is zero outside the set 

{tG : M{uj) > d}, 

Next, for k = ko, the sum over i G I^. " reduces (for n large enough) to a single term, namely 
i = io = with the notation of Lemmal24[ The last assertion of Lemmal24l yields that ) 

converges to G(IF(“i^) as n —>■ oo, and (|^5]) follows. 

To derive (|44l) from (j45|) . we use exactly the same uniform integrability argument as in the proof 
of Theorem 123] to justify the convergence (133]). 

Next recall that A^^k is measurable with respect to the u-field and note that g{—k2~^) = 

0 if k < 2*^/3. By applying the special Markov property, we then get 


Nf Is T a{u£-") 

\ fc>2-/3 


ir 




fc>2"/3 




^{-fe2-",oo) 


^ g{-k2-^) Nf N2-. (G(W))) 


fc>2"/3 


^ 5(-A:2-")Nf xN2-.(G(W)). 

. k>2^0 ) 
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Recalling (jM]), we have thus obtained 
(46) 

Jim ( ^ xN 2 -.(G(lR))=Nf 

Vfc>2"/3 / 

In the particular case G = '^{m>5} this gives 


(47) Jim ( 5(-fc2-")Nf x n.-^M > S) = (ls<7(Kf) 

\fc>2’*/3 / 

since M(iy(“i)) > d by construction. It follows from (|4U|) and (147)) that 


-{Ns>l} 


N, 


(/3) 




N 2 -n(G(iy)) 
N 2 -n (M > d) 

= Nf (ls5(Kf) l{iv,>i}) X NS(G \M>5), 


by Corollary [23 The last display shows both that IR(“i) is distributed according to Nq(- \ M > 6) 
under Nq^J- | Ns > 1) (take a sequence of functions g that increase to the indicator function of 
(—oo, —f3)) and that is independent of the cr-field generated by V^s and still under 

Nf (• \ Ns >1). 

We have obtained that the law of the first excursion above the minimum with height greater than 
S and level smaller than —/3, under Nq'^J- | Ns > 1), is Nq(- | M > h). By letting /3 tend to 0, we 
deduce that the law of the the first excursion above the minimum with height greater than S, under 
No(- I N^ > 1), is also Nq(- | M > 5) ~ we recall our notation N^ for the total number of excursion 
debuts with height greater than 5. Moreover, the same passage to the limit shows that this first 
excursion is independent of the level at which it occurs. These remarks will be useful in the second 
part of the proof. 

The general statement of the proposition can be deduced from the special case j = 1, via an 
induction argument using the special Markov property. Let us explain this argument in detail when 
j = 2 (the reader will be able to fill in the details needed for a general value of j). Let Gi and G 2 be 
two nonnegative measurable functions on S, and consider again B € Recall that Tf > /3 by 

definition. By monotone convergence, we have 

(48) N<'’>(lBGi(»'(“f)G2(li''“=>)l{w,>2)) 

= £“ E Nf (lBOi{lvMl)G2(li'l"‘>)l,t2-.<Tf<(H-l,2-.<Ti<oo>)- 

k>2'^P 

Then, for every k > 2”'/3, noting that Gi(IT(“i J is "’°°)-measurable, we 

get 


(49) 


N<'’>(lBGi(»'<“il)G2(irl“‘>)l,K-»<Tf<(Ml)2-»<T‘<o„>) 

= Nf (iB Oi{l{'<”!l) (G2(li'l“«) 


^(-(fc+l)2-",oo) 


Applying the special Markov property (Proposition [T3D to the interval {—{k + 1)2 00 ) now gives on 

the event {Tf < {k + 1 ) 2 “"’ < Pj}, 


(50) 

Nf (02{lU”2l)l,2.|^„, 


f(-(k+i)r~,oo>^ = (1 - exp(-Z,B+„ 2 -»N„(JV 2 > 1))) N;(G 2 | M > J). 


Let us explain this. From the special Markov property, there is a Poisson number u with parameter 
'^(fc+i) 2 -"No(A"| > 1) of Brownian snake excursions outside (—(k + l)2“”,oo) that contain at least 
one excursion debut with height greater than 6 , and these excursions are independent and distributed 
according to No(- | N^ > 1), modulo the obvious translation by (k + 1)2“"'. For each of these u 
excursions, the first excursion above the minimum with height greater than 6 is distributed according 
to Nq(- I M > 5), and is independent of the level at which it occurs (by the first part of the proof). 
On the event {Tf < (k + 1)2“" < Tg }, IF^^z) is well defined if < oo, which is equivalent to u > 1, 
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and is obtained by taking, among these first excursions above the mimimum with height greater than 
S, the one that occurs at the highest level. Clearly it is also distributed according to Nq(- \ M > 5). 

Since we have 1 — exp(—> 1)) = Nq^^(T 2 < oo | £^(“(^+ 1)2 on the event 

{rf < (A; + 1)2 “"' < tI}, we deduce from ([m)l and that, for every k > 2"/3, 

= Nf (1 b l{fc2-<rf<(fc+i)2-<r|} ^o\t^ < 00 \ £:(-(^+i)2-",oc))^ ^ \ M > 5) 

= Nf \M>6) 

Finally, returning to (j48p . we obtain by monotone convergence 

This gives the case j = 2 of the proposition. □ 


Remark. We could have shortened the proof a little by using a strong version of the special Markov 
property (applying to a random interval (—T, 00 )) of the type discussed in [ 2 j. 

The next lemma shows that the sequence ..., can be viewed as the beginning of an 

i.i.d. sequence. 


Lemma 35. On an auxiliary probability space (fl,T', P), consider a sequence 


of in¬ 


dependent random variables distributed according to Nq(- \ M > 6). Under the product probability 
measure P ® consider the sequence (kF'^’^, IF*^’^,...) defined by 


= 




W' 


■S,j-Ns 


if'i- <j < Ns 
if j > Ns 


Then (VF"^’^, VF^’^,...) is a sequence of i.i.d. random variables distributed according to Nq(- \ M > 5), 
and this sequence is independent of the a-field _ 

Proof. This follows from Proposition [M] by an argument which is valid in a much more general setting. 
Let us give a few details. Let k > 2, and let fii,... ,4>k be bounded nonnegative measurable functions 
defined on S. Also let B € \Ye need to verify that 


(51) 


B 


1b = Nlf^B) x]jN^(fiilM>d), 


2 = 1 


where E[-] stands for the expectation under P ( 8 ) Ng . By dealing separately with the possible values 

—5 j 

of Ns and using the independence of the IF ’s, we immediately get that 


E 


lpv,<A:}lR • • • </>fc(VF^’") 


= E 


l{Ns<k}lB X Nlifik \M >6). 


On the other hand. Proposition 1341 exactly says that 

= i?[v,>fc}lR ./>i(kF(“i)) </>2(kF(“=)) • • • <^fc(lF(<)) 

= i?[l{jv,>fc}lB X N5(4 I M ><5). 

By summing the last two displays, we get 


E 


1b = e\1b X Nlicfk \M>6), 


and the proof of (j5ip is completed by an induction argument. 


□ 
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7.2. Excursion debuts and discontinuities of the exit measure process. We start with a first 
proposition that relates levels of excursion debuts to discontinuity times for the process {Zx)x>o- 

Proposition 36. Nq a.e., discontinuity times for the process {Zx)x>o are exactly all reals of the form 
-Vu for uG D. 

Proof. Recall that, for every x > 0 we have set 

0 

If {xn) is a monotone increasing sequence that converges to x > 0, then the indicator functions 
l{r_ 2 , (vUs)=oo} converge to l{r_,,,(Ws)=oo}) a-iid by dominated convergence it follows that ( 3 ^x)x>o has 
left-continuous sample paths. On the other hand, if (x^) is a monotone decreasing sequence that 
converges to x > 0 , with x„ > x for every re, one immediately gets that 


ds If 


It follows that {yx)x>o also has right limits, and that x is a discontinuity point of y if and only if 

ds —_x} > 0 . 

The latter condition holds if and only if there exists s G [0, a] such that Wg > —x and W = —x (we 
use the fact that No a.e. for every y G M, ff^ ds 1|^ = 0, which follows from the existence of local 

times for the tip process of the Brownian snake, see e.g. 0)- However, the existence of s G [0, cr] 
such that Wg > —x and W_g = —x implies that there is an excursion debut u with Vu = —x, and the 
converse is also true. Summarizing, we have obtained that discontinuity times for the process (Ta;)x>o 
are exactly all reals of the form —Vu for u G D. 

To complete the proof of the proposition, we use the fact that discontinuity times for (Ta;)x>o are 
the same as discontinuity times for {Zx)x> 0 ) as a consequence of Corollary 4.9 in [S] which essentially 
identifies the joint distribution of this pair of processes. To be precise the latter result is not concerned 
with the processes Z and y under Nq but with superpositions of these processes corresponding to a 
Poisson measure with intensity Nq. A simple argument however shows that this implies the result we 
need. □ 

We now identify the value of the jump of the process Z at the time —Vu when u G D. For every 
u G D, the exit measure makes sense by (ESI), and can also be defined by the approximation 

in Proposition [301 using Proposition [M] to relate properties of iy(“) to those valid a.e. under Nq. 

Proposition 37. Nq a.e. for every u G D, the jump of the process Z at time — Vu is equal to Z^CWy')). 

Proof. We fix (5 > 0, and we will prove that the assertion of the proposition holds a.e. when 
re = ref, the first excursion debut with level smaller than — /3 and height greater than 6 , on the event 
> !}■ We then observe that, for any excursion debut re, there are choices of rationals /3 and d that 
make re the first excursion debut with level smaller than —/3 and height greater than 6. This gives the 
desired result for every u G D. 

So from now on we focus on the case re = ref, and in what follows we restrict our attention to the 
event {Ns > 1}, so that ref is well defined. Recall that for integers re > 1 and k>l, ) 

the collection of excursions of the Brownian snake outside (—oo), and we keep using the notation 
for translated so that its starting point is 2“”' and then truncated at level 0. Let uq 

be the first integer such that 2"’°/3 > 1. From now on we consider values of re such that n > uq. We 
define Hn = > 1 , in such a way that 


(52) 

If we set for ere G 5, 


Hu2-^ < -V^s < (Hu+ 1)2- 


0(uj) = sup{H 4 (cre) — W_g{(jj) : 0 < s < a}, 


then Hn is the first integer k>l such that 0{Cj^ ' ) > h for some i G H “. This index i may be not 

unique, and for this reason we introduce the event An C {Ns > 1} where the property 0(£re^’^ ) > 6 

holds for exactly one index i = in G . On the event we let (re(„) = be the corresponding 
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excursion and on the complement of An we let be the trivial snake path with duration 0 in Sq. 
Notice that, on the event An, the excursion debut Ui must then belong to (the subtree coded by 
the interval corresponding to) the excursion • We also note that the sequence {An)n>no is 

monotone increasing, and that | ^5 > 1) converges to 1 as n —>■ oo because there cannot be 

two excursion debuts at the same level (and therefore, recalling Lemma [221 two excursion debuts with 
height greater than 6 must be “macroscopically separated”). 

Furthermore, we claim that the distribution of co^n) under Ng^^(- | An) is the law of W under 
N 2 -n(- I 0{W) > 6). This is basically a consequence of the special Markov property, but we will 
provide a few details. Let <1> be a nonnegative measurable function on S, such that <l>(a;) = 0 if 
0{uj) < 6. For every k > 1, let Bn^k be the event where there is a unique index i £ such that 
) > 5. Then, 


( 1 a„ l{^,„=fc}$(a;(„))) = E 


We observe that the event {Hn > k} is measurable with respect to the u-field because, if 

j < k, the property ) > 5 for some i £ Ij " can be checked from the snake W truncated at 

level —k2~^. Therefore we can apply the special Markov property, using the fact that, if a Poisson 
measure with intensity /r is conditioned to have a single atom in a measurable set C of positive and 
finite //-measure, the law of this atom is //(• | C*). It follows that the quantities in the last display are 
equal to 

I OiW) > 6)) = Nf l{H„=fc}) X N2-™(‘&(^) I OiW) > 6). 

We then sum over A: > 1 to get the desired claim. 

We then note that, for every n > no, we have on the event An, 


(53) 




(ffn + l)2 


^ Zo((uf"’2'") = Zo(u;(„)) + 


ieljr 

Mn 




E 

— n 


Zo{Cb. 


HnX 


). 




To simplify notation, we write b = —V^s. We claim that 


(54) 


E 


Hu,2- 


Zb-, 




where the convergence holds in probability under | > 1) — the fact that in is only defined 

on An creates no problem here since NQ'^^(An | > 1) converges to 1. 

Proof of (I54p . It will be convenient to introduce the point measure 

■^k = E ’ 

for every n > 1 and k > 1. We first observe that, on the event An, we have the equality 


5: = 


i&ii 




l{0<S} 


Zo{uj). 


Since Nq^^(T„ | N )5 > 1) converges to 1, the proof of (IMP reduces to checking that 

/ (dw) Zo (w) Zb- . 

Since 2~^Hn t “Cif ~ have Z 2 -njj^ —> Zb-, a.e. under Ng^^ | Ns > 1), and so it is enough to 
prove that 
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Note that we may have Hn = [—< 2”'/3 although —> /3, but this occurs with Nq^^- 
probability tending to 0. Thanks to this observation, the preceding convergence will hold provided 
that, for every e > 0 , the quantities in the next display tend to 0 as n ^ oo: 


Nf { 


<{0<S} 

T. Nffl 


(dw) 21o(w) — > 

Ml "(da;)Zo(w) - Zfc2- 


k>2^P 


l{0<5} 


T. Nf { 

fc>2"/3 \ 


l{0<5} 


Mk (dw) Zq{uj) — Zk2- 


e} n {Ns > 1} n {Hn > 2^(3^ 

■ e] n {Ns > 1} n {Hn = k}^ 

■ e} n {Mr {O > 6) >i}n {Hn > k}^. 


The last equality holds because the event {Ns > 1} n {Hn = k} coincides with {Ml {O > 6) > 
1} n {Hn > k}. Next we recall that the event {Hn > k} is "’°°bnieasurable and we notice that, 

under Nq^\ conditionally on M^ is a Poisson measure whose intensity is Zk 2 -^ times 

the “law” of W under N 2 -n. It follows that the quantities in the last display are also equal to 


X! ^0 ^ (V'e (-^^2 ")^{A /'2 "(o>5)>i}n{/I„>A:}l 
fc>2"/3 / 

where, for every a > 0 , 



if Mn,a denotes a Poisson measure whose intensity is a times the “law” of W under N 2 -n. It is easy to 
verify that V'”(o) tends to 0 as n ^ oo, for every fixed a. First note that we can remove the restriction 
to {O < (5} since P{Mn,a{^ > d) > 0) tends to 0. Then we just have to observe that / A/’n,a(dtu) Zq{uj) 
converges in probability to a as n ^ oo, as a straightforward consequence of Q- Furthermore, a 
simple monotonicity argument shows that the convergence of V’e (®) to 0 holds uniformly when a 
varies over a compact subset of M+. 

Finally, using again the fact that {M"^ "(O > 5) > 1} n {Hn > k{ = {Ns > 1} n {Hn = k}, the 
quantity in (15^ is bounded by 

and this tends to 0 as n ^ oo by the previous observations and the fact that sup{Za : a > 0 } < oo, 
No a.e. This completes the proof of our claim (|54l] . □ 


Let us complete the proof of the proposition. We already noticed that the distribution of oj^n) under 

I An) is the law of W under N 2 -n(- | 0(W) > 6). We observe that, for every e > 0, the following 
inclusions hold a.e. 

{M>5 + £} C {0{W) >6} C{M >6} 

and moreover the ratio > 5 + £)/Nc{M > 6) tends to 1 as e ^ 0. It follows that the result of 

Proposition 1321 remains valid if, in the definition of the conditioning by {M > d} is replaced by 
{0{W) > d}. Thanks to this simple observation, we can deduce from Proposition NI 2 I that 

(56) rn),zorn))) 

where is distributed according to Ng(- | M >5) and the convergence holds in distribution under 
Ng^^(- I iV ,5 > 1). Furthermore, from the last assertion of Lemma UM. and the fact that is, on 

the event An, the excursion outside (—Hn2~^,oo) that “contains” uf, we get that converges to 
Nf,^^ a.e. on {Ns > 1}. 

On the other hand, (j52p and the right-continuity of sample paths of Z imply that 


( 57 ) 


Zb, 


(Hn + l)2-^ 


n^oo 
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a.s. on > 1 }. Then, using ([Ml) and ([Ml) . we immediately get that Zo(w(„)) converges 
to the random variable — Zfe_, in probability under Ng'^^(- | Ns > !)• So we know that the pair 
Zo(a;(„))) converges in probability to — Zb-) under Ng^^(- | Ns > 1 ), and it follows 

from ([M[) that the law of Zb — Zb-) under Nq^^(- | > 1) is the law of {W^’^, Zq{W^’^)). This 

forces Zb — Zb- = Zg(lT(“i))), which completes the proof. □ 


7.3. The Poisson process of excursions. The following proposition is reminiscent of Ito’s famous 
Poisson point process of excursions of linear Brownian motion. We recall that /3 > 0 is fixed and that 
uf,... are the successive excursion debuts with height greater than 6 and level smaller than —/3. 

Proposition 38. We can find an auxiliary probability space (fl, J-, P) such that, on the product space 
0x5 equipped with the probability measure P(8)Nq^\ we can construct a Poisson measure V on M+ x S 
with intensity dt ® NQ(da;) so that the following holds. For every 6 > 0, if {tf,uif), (t^jOJ^), ■ ■ ■ is the 
sequenee of atoms of the measure V{- (H (M+ x {M > (^})), ranked so that tf < t^ <■■■, we have 
WK) = ivf for every 1 < i < Ns- Furthermore, the Poisson measure V is independent of 

This proposition means that all excursions above the minimum (with level smaller than (3) can be 
viewed as the atoms of a certain Poisson point process. In contrast with the classical Ito theorem of 
excursion theory for Brownian motion, we have enlarged the underlying probability space in order to 
construct the Poisson measure V. 


_^ j 

Proof. We first explain how we can choose the auxiliary random variables W ’ of Lemma |3S] in a 
consistent way when 6 varies. We set 6^ = 2“^ for every A: > 1 and we restrict our attention to values 
of 6 in the sequence {Sk)k>i- On an auxiliary probability space (0,T',P), let P be a Poisson measure 

on M+ X S with intensity dt (8) NQ(da;). For every k > 1, let (t^'^, W ’^)j>i be the sequence of atoms 
of V that fall in the set M+ x {M > (ordered so that t^'^ < t^’^ < ■ ■ ■). Then, for every k > 1, 
{W ’ ,W ’ ,.. .) forms an i.i.d. sequence of variables distributed according to Nq(- | M > 5k). By 
Lemma I3S1 under the product probability measure P® Nq^\ the sequence ...) defined by 

I if j > Ns 


is also a sequence of i.i.d. random variables distributed according to No(- | M > 5k), and is independent 
of the fj-field S.Nh,oo)_ 

^ \ 

Obviously, \ik < k', the excursions 1 < i < Ns^. are obtained by considering the elements of 

the finite sequence , 1 < J < Nsy that belong to the set {M > 5k}, and similarly the sequence 

{W^’^)j>i consists of those terms of the sequence (IT^ ’^)j>i that belong to the set {M > dk}. It 
follows that, for every k < k', the sequence {W^'^)j>i is obtained by keeping only those terms of the 
sequence {W^''^)j>i that belong to the set {M > 5k}. Note that the law of the collection 




is then completely determined by this consistency property and the fact that, for every fixed A: > 1, 
{W^'^)j>i is a sequence of i.i.d. random variables distributed according to Nq(- | M > 5k). In 
particular. 


(58) 




Also note that the collection (IF^’-^)j>i,fc>i is independent of the cr-field 

It is a simple exercise on Poisson measures to verify that V is equal a.s. to a measurable function 
of the collection {W ’^)j>i,k>i- Indeed, it suffices to verify that the times (A^’'^)j>i,fc>i are (a.s.) 
measurable functions of this collection. Let us outline the argument in the case k = j = 1. If, for 
every A: > 1, we write 


mk ■■= #{j > 1 : 
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then mi. is just the number of terms in the sequence before the first term that belongs to 

{M > (5i}, and is thus a function of Elementary arguments using Lemma ESI show that 

we have the almost sure convergence 

NS(M > mk 

k—>oo 

thus giving the desired measurability property. 

So there exists a measurable function $ such that we have a.s. 

Then we can just set 

By (|58h . V has the same distribution as V. By construction, the properties stated in the proposition 
hold when 5 = 5k, for every A: > 1. This implies that they hold for every <5 > 0. □ 

In what follows, we will use not only the statement of Proposition [38] but also the explicit construc¬ 
tion of V that is given in the preceding proof (we did not include this explicit construction in the 
statement of Proposition |35| for the sake of conciseness). 

We now state an important lemma, which shows that the process can be recovered from 

{Zj 3 and) the Poisson measure V. To this end, we introduce the point measure V° defined as the image 
of V under the mapping (t,w) —?■ {t, Zq{oj)). From the form of the “law” of Zq under Ng given in 
Proposition 1311 V° is (under P ( 8 ) Ng^^) a Poisson measure on M_|_ x (0, oo) with intensity 



We can associate with this point measure a centered Levy process U = {Ut)t>o (with no negative 
jumps) started from 0 , such that 

tADij 

where Vu is the set of discontinuity times of U. Note that the Laplace transform of Ut is 

E[ex.p{-XUt)] = exp(ti/)(A)), 

where 

= \/S - 1 + Az) 2-5/2 dz = A3/2. 

Notice that we get the same function V'(A) as in Section [2.51 

Lemma 39. Set W = + Ut for every t >0. Then, we have, P® Ng^^ a.s., 

^/3+r = ^inf{t> 0 :/J(X.)-lds>.} ’ 0 < r < -W, - /I. 

Remark. We have = 0 for every r > —W*, so that the formula of the lemma indeed expresses 
{Zp+r) r>o as a function of X, which is itself defined in terms of Zp and the point measure V°. 

Proof. First notice that (JJt)t>o is independent of Zjs because V is independent of _ Therefore, 

t>o is a Levy process started from Zp. On the other hand, we know that (Z^+j,)r->o is under 

Ng^^ a continuous-state branching process with branching mechanism fj. By the classical Lamperti 
transformation (see e.g. 0), if we set Tg := /q°° Zp+t df and, for every 0 < r < Tg, 

(^9) := ^/3+inf{s>0: f^ Zp+t dt>r} ’ 

the process has the same distribution as (W)o<r<To) where Tq := inf{t > 0 ; = 0}. 

Furthermore, by inverting (|59p . we have also 

where Tq = —ILL — /3 is the hitting time of 0 by Z. 

Comparing (I 6 UD with the statement of the lemma, we see that we only need to verify that we have 
the a.s. equality (Xr)g<r<ro = (-A^r)o<r<rj- To this end, we first extend the definition of to values 
t > Tg. Recalling the Poisson measure V in the proof of Proposition 1381 we define as the image 
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of V under the mapping (t, w) i-a {t, Zq(uj)), and associate with V° a Levy process {Ut)t>o having the 
same distribution as {Ut)t>o- We complete the definition of X' by setting for every t >0, 

X'T!,+t = Ut. 

We then observe that X and X' are two Levy processes with the same distribution and the same 
(random) initial value Zp. Furthermore, a.s. for every a > 0, the ordered sequence of jumps of size 
greater than a is the same for X' and for X. First note that the jumps of X' that occur before the 
hitting time of 0 are the same as the jumps of Z after time /3, and, by Proposition [371 these are 
exactly the quantities Zq(W^'^'^) when u varies over the excursion debuts with level smaller than —/3. 
Recalling our construction of X from the point measure V°, we obtain that, for every a > 0, the 
ordered sequence of jumps of X' of size greater than a that occur before the hitting time of 0 will also 
appear as the first ria jumps of X of size greater than a, for some random integer Uq, depending on 
a. Then, the ordered sequence of jumps of X' of size greater than a that occur after the hitting time 
of 0 consists of the quantities Zq (ca) where (t, oj) varies over the atoms of V such that Zq {oj) > a and 
these quantities are ranked according to the values of t. Recalling the way V was defined, we see that 
the same sequence will appear as the sequence of jumps of X of size greater than a occurring after 
the n^-th one. 

Finally, once we know that, for every a > 0, the ordered sequence of jumps of size greater than a is 
the same for X' and for X, the fact that X and X' are two Levy processes with the same distribution 
and the same initial value implies that they are a.s. equal, which completes the proof. □ 

7.4. The main theorem. Our main result identifies the conditional distribution of excursions above 
the minimum given the exit measure process Z. We let T>z stand for the set of all jump times of 
Z. Recall from Proposition [32] that there is a one-to-one correspondence between T>z and excursions 
above the minimum. If u is an excursion debut, and r = —Vu is the associated element of 'Dz, we 
write in the following statement. We let D(0, oo) stand for the usual Skorokhod space 

of cadlag functions from (0, oo) into M. 

Theorem 40. Let F be a nonnegative measurable function on B(0,oo), and let G be a nonnegative 
measurable function on M+ x S. Then, 

No(F(Z)exp(- ^ G(r,wW))) =No(f(Z) NS(exp(-G(r, •)) | = AZ,) ). 

In other words, under No and conditionally on the exit measure process Z, the excursions above the 
minimum are independent, and, for every r E Vz, the conditional law of the associated excursion is 
NS(- I Zo* = XZr). 

Proof. Let us a start with simple reductions of the proof. First we may assume that No(F(Z)) < oo 
since the general case will follow by monotone convergence. Then, we may assume that G(r, w) = 0 if 
r < 7 , for some 7 > 0, and it is also sufficient to prove that the statement holds when Nq is replaced 
by Nq^^ for some fixed /3 > 0. Finally, we may restrict the sum or the product over r to jump times 
such that AZj, > a, for some hxed a > 0. 

In view of the preceding observations, we only need to verify that, for every a > 0 and P > 0, 

Nj^^^FCZjexpf- 5] G(r,wM))) =Nf (fCZ) NS(exp(-G(r, •)) | Zq* = AZ,) V 

V V )) V > 

IS-Zr^OL IS-Zr^OL 

where = T>z H (/S, cxo). 

From now on, we fix a > 0 and /3 > 0. We will use the notation and definitions of the previous 
subsections, where /3 > 0 was fixed and we argued under Nq^^. In particular it will be convenient 

to consider the product probability measure P ® Ng^^ as in Section 17.31 Recall the definition of the 
Poisson measure V and of the process X in Lemma [33 (these objects depend on the choice of fi, which 
is hxed here), and the notation Tg = inf{t > 0 ; X* = 0}. Also recall that V° is the image of V under 
the mapping (t,<jj) i-A (t,Zg(a;)). 
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The first step is to rewrite the quantity 


/^Zr>OL 

in a different form. Recall from Lemma [32] that every jump time r oi Z after time /3, hence every 
excursion debut u with level smaller than —/3, corresponds to a jump time of X before time Tq, 
and is therefore associated with an atom {t,uj) of P, with t < Tq, such that u = and Zq(uj) = 

Zg = AZr , where the last equality is PropositionlSTl Then, let (t“, cuf), (tf, ),... be the time- 

ordered sequence of all atoms of V such that ^ 0 ( 0 ;) > a. Also set tIq = max{f > 1 : < Tq}. 

For every 1 <i < Uq, write zf = Zg(a;f) and r" for the jump time of Z corresponding to the jump 
zf. We can rewrite 

AZt->ck 

Writing i?[-] for the expectation under P ® we then have 


N, 


(/ 3 )| 


F(Z) exp - E 


= E 


A.Zr >Q: 


F{Z) exp(-EG(rf,u;f)) 

i=l 


We evaluate the right-hand side by conditioning first with respect to the cr-field T-L generated by 
£;(-/3 >oo) tJie point measure V°. Notice that the process Z is measurable with respect to T-L 

(because U is obviously a measurable function of R°, and we can use Lemma 1331) . The finite sequence 
rf,..., is also measurable with respect to Ti as it is the sequence of jump times of Z (after time 
/3) corresponding to jumps of size greater than a. In particular, Ua is measurable with respect to Ti. 
Finally the quantities zf,..., z" are the corresponding jumps and therefore are also measurable with 
respect to Ti. 

On the other hand, by standard properties of Poisson measures, we know that the sequence 
wf ,012 ,... is a sequence of i.i.d. variables distributed according to Nq(- | Zq > a). Recalling that T’ 
is independent of we see that conditioning this sequence on the cr-field Ti has the effect of 

conditioning on the values of Zg(cuf), Zq^oj^), .... In a more precise way, the conditional distribution 
of wf, cjf, • • • knowing Ti is the distribution of a sequence of independent variables distributed respec¬ 
tively according to Nq(- | Zg = zf), Ng(- | Zg = Z2 ),..., where these conditional measures are defined 
thanks to Proposition 1331 

By combining the preceding considerations, we get 


TLot 

F;[F(Z)exp(-EG(r 


i=l 


E 


F(Z)nNS(exp(-G(rf,.)|Z, 


2=1 



Now note that, with our definitions. 


nNS(exp(-G(rf 


^0 = ) = 


n 


2 = 1 


(/ 3 ) 


NS(exp(-G(r,-))|Zo* = AZ, 


IS.Zr'XX 


and so we have obtained 


N 


(/ 3 ) 

0 


{^{Z) exp 


E 

AZt->ck 


G(r,IFW: 


= E 


E{Z) 


n NS(exp(-G(r,-)) 

AZT->a 





n f^o(exp(-G(r,-)) 

AZt->ck 



which completes the proof of the theorem. 


□ 
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8. Excursions away from a point 


In this section, we briefly explain how we can derive the results stated in the introduction from our 
statements concerning excursions above the minimum. This derivation relies on the famous theorem 
of Levy stating that, if {Bt)t>o is a linear Brownian motion starting from 0, and if (L^(B))f>o is its 
local time process at 0, then the pair of processes 

(Bt — min{i?r : 0 < r < f}, — min{Br : 0 < r < t})t>o 

has the same distribution as {\Bt\, L^{B))t>o. Notice that L^{B) can also be interpreted as the local 
time of |B| at 0, provided we consider here the “symmetric local time”, namely 

= l[_e,£](|B^|)dr. 

Levy’s identity will show that (absolute values of) excursions away from 0 for our tree-indexed 
process have the same distribution as excursions above the minimum, which is essentially what we 
need to derive the results stated in the introduction. 

Let us explain this in greater detail. For any finite path w E Wo, define two other finite paths w* 
and with the same lifetime as w by the formulas 

w*(f) := w{t) — min{w(r) : 0 < r < f} 

^w(^) •= “ min{w(r) : 0 < r < t}. 


On our canonical space Sq of snake trajectories, we can then make sense of W* and for every s > 0, 
and we write L* = to simplify notation. Then, under No, the pair (VT*,L*)s>o defines a random 
element of the space of two-dimensional snake trajectories with initial point (0, 0) (the latter space is 
defined by an obvious extension of Definition E]) . Thanks to Levy’s theorem recalled above, it is then 
a simple matter to verify that the “law” of the pair (W*, L*)s>q under No is the excursion measure 
from the point (0,0) of the Brownian snake whose spatial motion is the Markov process {\Bt\, L^{B)). 
We refer to 1211 Chapter IV] for the definition of the Brownian snake associated with a general spatial 
motion and of its excursion measures. In a way similar to the beginning of Section [3l we then set 

K = W: = IT, - min{IT,(f) : 0 < t < C} = K - min{W : t E |p, «!}, 


for every u and s > 0 such that Pc^{s) = u. 

Say that u E 7( is an excursion debut away from 0 for V* if 

(i) V: = 0; 

(ii) u has a strict descendant w such that V* / 0 for all v eJ/O, tt>|. 

It follows from our definitions that u is an excursion debut away from 0 for V* if and only if u is an 
excursion debut above the minimum in the sense of Section O that is, if and only if u E D. Then, 
Proposition [201 shows that the connected components of the open set {tt E 7^ : I^ > 0} are exactly 
the sets Int(C'u), u G D. Furthermore, for every u G D, the values of T* over Cu are described by the 
snake trajectory IT(“) (which can thus be viewed as the excursion of V* away from 0 corresponding 
to u). 

In order to recover the setting of the introduction, we still need to assign signs to the excursions 
of V* away from 0. To this end, we let {vi,V2, ■ ■ ■) be a measurable enumeration oi D - formally 
we should rather enumerate times si, S2 ,... such that Pf (si) = Ti,p((s2) = U2 ,.... On an auxiliary 
probability space (D,V, P), we then consider a sequence (^1,^2, •••) of i.i.d. random variables such 
that 

P(e, = 1) = = -1) = ^ 

for every i > 1. Under the product measure P (8 ) Nq, we then set, for every u E 7^, 


j if u E Int(C'^J for some i > 1, 

to ifK’ = o. 


The fact that u V* is continuous implies that u 1—is also continuous on T(. Furthermore the 
pair (I^* (,), Cs)s>o is a tree-like path, and we denote the associated snake trajectory by (IT*),>o. Then, 
the “law” of (IT*),>o under P(8)No is just the excursion measure Nq. This is a consequence of the fact 
that, starting from a process distributed as {\Bt\)t>o, one can reconstruct a linear Brownian motion 
started from 0 by assigning independently signs -|-1 or —1 with probability 1/2 to the excursions away 
from 0. We omit the details. 
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Since the law of (Vh*)s>o under P(8)No is No, we may replace the process (V14)s>o under No by the 
process {W* )s>o under P(8)No in order to prove the various statements of the introduction. To this end, 
we first notice that the excursion debuts away from 0 for V* (obviously defined by properties (i) and 
(ii) with V* replaced by V*) are the same as excursion debuts away from 0 for N®, and thus the same 
as excursion debuts above the minimum in the sense of Section^ Moreover, for every i = 1,2 ,..the 
excursion of V* corresponding to Vi is described by 


W*M 


W(^i) if^. = 1, 

-WM if^i = -l. 


In addition, if a* is such that P({ai) = Vi, the local time at 0 of the path W*. is equal to the (symmetric) 
local time at 0 of | W*. \ = W*., 

From the preceding remarks, it is now easy to derive Theorem [T] from Theorem 1231 Indeed, the left 
hand side of the formula of Theorem [T] can be rewritten as 

CXD 

i=l 

and, by the previous observations, the last display is equal to 


CXD -I CO 

i=l 2=1 

= ^y'f^o(dw)(^ dx($(x,a;) + ^>(x,-a;))) 

where the last equality follows from Theorem [221 This shows that Theorem [T] holds with Mq = 
^(Nq + Nq), where N^ is the image of Nq under oj i-A —w. Then Proposition |2] follows from Proposition 

EDI 

In order to derive Proposition |21 we note that, for every r > 0, the (total mass of the) exit measure 
of the snake {W*,L*) outside the open set := M+ x [0,r), which is denoted by TV, satisfies the 
following approximation Nq a.e., 

1 

e Jq l{Cs-£<rAAW"*T*)<C4’ 

where , L*) stands for the first exit time from of the path (IT*(t),L*(t))o<t<^^. This is 

indeed the analog of the approximation result ([5]), which holds in a very general setting: see m 
Proposition V.l]. Coming back to the definition of W* and L* in terms of Ws, we see that we have 

I r 

e Jq l{C.-£<r-r(IU.)<C4 = 

where the last equality follows from ([8]). This simple remark allows us to identify the process (TV)r>o 
with the exit measure process {Zr)r>o, and justifies the observations preceding Proposition [3] in the 
introduction. Proposition [3] itself then follows from Propositions [36] and [371 Finally, Theorem 0] is a 
consequence of Theorem 1401 and the fact that the excursions be written in the form IpN®), 

for i = 1 , 2 ,.... 
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